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' Abstract. The purpose of this article is to consider two themes both of which emanate from and involve 

C " 3 , the Kobayashi and the Caratheodory metric. First we study the biholomorphic invariant introduced by 

C " 3 1 B. Fridman on strongly pseudoconvex domains, on weakly pseudoconvex domains of finite type in and 

04 ' on convex finite type domains in C" using the scaling method. Applications include an alternate proof 

of the Wong-Rosay theorem, a characterization of analytic polyhedra with noncompact automorphism 
group when the orbit accumulates at a singular boundary point and a description of the Kobayashi balls 

■ on weakly pseudoconvex domains of finite type in and convex finite type domains in C" in terms 
' of Euclidean parameters. Second a version of Vitushkin's theorem about the uniform extendability of a 

compact subgroup of automorphisms of a real analytic strongly pseudoconvex domain is proved for C - 
isometrics of the Kobayashi and Caratheodory metrics on a smoothly bounded strongly pseudoconvex 
domain. 

u 

, Let X be a Kobayashi hyperbolic complex manifold of dimension n and Tl C C" a bounded homogeneous 

domain. B. Fridman in [14^\ constructed an interesting non-negative continuous function on X whose value 
at a given p € X essentially measures the largest Kobayashi ball around p that is comparable with Ti.. To 
be more specific take Ti = B" the unit ball in C" and let Bx {p, r) denote the ball in the Kobayashi metric 
with radius r > around p £ X. Since X is hyperbolic the topology induced by the Kobayashi metric 
is equivalent to the intrinsic topology on it. Thus for small r > 0, Bx{p, r) is contained in a coordinate 
CO . chart around p and hence there is a biholomorphic imbedding / : B" X such that /(B") D Bx{p, r). 

' Let TZ denote the set of all r > such that there exists a biholomorphic imbedding / : B" —> X with 

, /(B") D Bx{p,r). TZ is evidently non-empty as explained before. Define 

^; (l-l) ^-(^'B")^infi 

' which is a non-negative, real valued function on X. If Y is another such hyperbolic manifold and 

g : X ^ Y a biholomorphism then g preserves the balls in the Kobayashi metrics on X, Y and hence 
. , - hx{p, B") = hyigip), B") which says that hx{p, B") is a biholomorphic invariant. The function hx{p, Ti) 

r> \ will henceforth be referred to as Fridman's invariant and while the same construction holds for any 

■ invariant metric (provided of course when the intrinsic topology on X coincides with that induced by the 
invariant metric), the Kobayashi and the Caratheodory metric shall be exclusively dealt with here. In 
fact, Fridman's invariant defined using the Caratheodory metric appears only in two places one at the 
end of the section 4 which considers strongly pseudoconvex domains where this metric is most tractable 
and second in section 6 where convex domains are considered on which the Caratheodory metric equals 
the Kobayashi metric by Lempert's work. Barring these exceptions, the Kobayashi metric is the one 
that is considered. The choice of metric will be clarified often enough to avoid ambiguities for the same 
notation will be used for this invariant; the choice of Ti will be made explicit though. Having defined 
this let us recall some of its basic properties proved in [14j . Among other things, it was shown that 
when X is Kobayashi hyperbolic then p i— > hx{p,Ti.) is continuous and if there exists p*^ € X such 
that hx{p'^,'H) = then hxiPjTi.) = for all p e X and moreover X is biholomorphic to Ti.. This is 
reminiscent of the C/ K invariant, i.e. , the ratio of the Caratheodory and the Eisenman-Kobayashi volume 
form, used in [39 . Indeed, this ratio is at most one for a bounded domain and equals one at some point 
if and only if the domain is equivalent to B". It was also shown that if D C C" is a C"^-smooth strongly 
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pseudoconvex domain equipped with the Kobayashi metric such that D is not biholomorphic to B", then 
h]j{p, B") ^ as p ^ dD. The proof of this cruciaUy used the fact that the model domain at strongly 
pseudoconvex boundary points is the ball. As a consequence if p° e dD and U is an open neighbourhood 
of then using the automorphism group of B" it is possible to find a sequence of holomorphic mappings 
: U O D ^ B" that are biholomorphic onto their images which exhaust B", i.e., for every compact 
K C B" there is some m = m{K) such that K C Fm{U n D). 

The first goal of this work is to understand Fridman's invariant on a broader class of domains, more 
specifically the weakly pseudoconvex finite type domains in and convex domains of finite type in C". 
The problem is of course to determine the behaviour oi {p, Ji) as p ^ dD and it is natural to try and 
apply the scaling method to understand this question on more general domains. Any attempt to do this 
must take into account the fact that model domains at boundary points are not unique unlike the strongly 
pseudoconvex case and hence the boundary limits of 7i) will depend on the nature of approach to 

the boundary point. Indeed, in general the model domains for a smooth weakly pseudoconvex finite type 
domain in and convex finite type domains in C" are given by 

p{z) = 25RZ2 + P2m{zi,Zl) 

where P2m{zi,zi) is a homogeneous subharmonic polynomial of degree 2m, and 

where 'z — (zi, Z2, . . . , Zn-i) and Q2mi' z,' z) is a convex polynomial of degree at most 2m respec- 
tively. More can be said about the polynomials P2m('Zi,^i) and Q2m{' z,' 'z) in case the approach is 
non-tangential. Since the definition of hjj{p,H) involves the Kobayashi/Caratheodory balls (which are 
global objects vis-a-vis the infinitesimal metric), this approach quickly leads to considerations that involve 
the Kobayashi/Caratheodory balls on the scaled domains and their convergence to the corresponding balls 
in the limit domain. Viewed differently, this is a stability problem for the integrated distance and not its 
infinitesimal version about which much is known - see [18] and [41] for instance. 

Theorem 1.1. Let D C C" be a bounded domain, p° S dD and let {p^ C D be a sequence that converges 
to p^ . Then the boundary behaviour of hoip,^") along {p^} can be described in the following cases: 

(i) If D is -smooth strongly pseudoconvex equipped with either the Kobayashi or the Caratheodory 
metric, then /i£)(p',B") — > 0. 

(ii) If D is C°° -smooth weakly pseudoconvex of finite type in equipped with the Kobayashi metric, 
then B^) — > /i/j^ ((0, — 1), B^) where Doa is the model domain defined by 

Doo^{z^ (Zl, Z2) £ C2 : 25RZ2 + P2m{zi,Zi) < 0}, 

and P2m{zi,zi) is a subharmonic polynomial of degree at most 2m (m > 1) without harmonic 
terms, 2m being the 1-type of dD near p^ . 

(iii) If D is C°° -smooth convex of finite type equipped with the Kobayashi metric (which equals the 
Caratheodory metric), then /i_d(p-', B") — > /i_d^ (('0, — 1), B") where Doo is the model domain 
defined by 

Doo^{z= i'z, Zn) e C" : 2nZn + Q2m{'z,'z) < 0}, 

and Q2rn{' z,' l) is a non- degenerate convex polynomial of degree at most 2m (m > 1), 2m being 
the 1-type of dD near p^ . 

The proof of this theorem is contained in sections 4, 5 and 6. While this is a global result, it turns out 
that /i£i(-,B") can be localised much like the Kobayashi or the Caratheodory metric near peak points 
and this is done in proposition [3T4| Therefore there is a completely natural formulation of this result that 
is of a local nature and this will be evident from the proof of this theorem. 

Studying this invariant using the scaling procedure unifies several disparate questions and applications 
include an alternate proof of the Wong-Rosay theorem - it must be mentioned that this was also done by 
B. Fridman in [14] using the fact that hoip, B") — > as p dD for D a strongly pseudoconvex domain, 
the emphasis here being a different approach, a characterization of normal analytic polyhedra with a 
noncompact automorphism group with one orbit accumulating at a singular boundary point (and this 
recovers part of the main theorem in [H]), and theorems of Coupet-Pinchuk-Sukhov ([TO]) and Pinchuk 
( [30j ) about the inequivalence of two given domains with different Levi geometry. 
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As another byproduct, it is also possible to describe the Kobayashi balls on a weakly pseudoconvex finite 
type domains in and on convex finite type domains in C" in Euclidean terms. More precisely, it is 
known that on a strongly pseudoconvex domain D in C", Bd{p, R) contains and is contained in ellipsoids 

1/2 

Ep each of whose major and minor axis are of the order of C{R){dist{p,dD)) ' and c{R)Aist{p,dD) 
respectively where the positive constants C{R) and c(i?) are independent of p. It is possible to obtain 
analogues of this result for weakly pseudoconvex and convex finite type domains without integrating the 
infinitesimal metric. Such estimates were obtained by Aladro in [T] for weakly pseudoconvex finite type 
domains in using a suitable metric on the horizontal subbundle on dD due to Nagel-Stein-Wainger [29] . 
The arguments used here avoid any reference to such considerations and instead rely only on scaling. 
These estimates, as is known (see for example [25]), are useful in verifying the generalized sub- mean 
value property for plurisubharmonic functions - a property that is needed in proving analogues of Fatou's 
theorem on the boundary behaviour of functions. 

The second theme explored in this article is the rigidity of continuous isometries of these metrics. More 
precisely if D,D' are C^-smooth strongly pseudoconvex domains in C" and f : D ^ D' is a. continuous 
isometry of the Kobayashi metrics on D, D' , it is not known whether / must necessarily be holomorphic 
or conjugate holomorphic. The same question can be asked for the Caratheodory metric or for that 
matter any invariant metric as well. An affirmative answer for the Bergman metric was given in [17] and 
this required knowledge of the limiting behaviour of the holomorphic sectional curvatures of the Bergman 
metric near strongly pseudoconvex points. In general, the Kobayashi metric is just upper semicontinuous 
and therefore a different approach will be needed for this question. The case of continuous isometries 
when D is smooth strongly convex and D' is the unit ball was dealt with in [35] and this was improved 
upon in [52] to handle the case when D is a C^''^-smooth strongly pseudoconvex domain (e > 0), and 
a common ingredient in both proofs was the use of Lempert discs. Motivated by such considerations it 
seemed natural to determine the extent to which isometries behave like holomorphic mappings and one 
example is provided by the following: 

Theorem 1.2. Let Di,D2 he two bounded strongly pseudoconvex domains in C" with C'^-smooth bound- 
aries. Let Di,D2 for k > 1 be two sequences of domains that converge to Di,D2 respectively in the 
topology and let djjk^dj^k denote the Kobayashi metrics on these domains. Similarly let dD-^,do2 denote 
the Kobayashi metrics on Di,D2 respectively. Suppose that f^ : {D\,djjk) (-D2,c?dj) -smooth 
isometry for each k>\ and that there is a point p^ € Di such that some subsequence {f^^{p^)} converges 
to a point p^ € D2 . Then there is a uniform constant C > with the property that: 

\f'^{p)-f'^{q)\<C\p-q\'^' 

for all p,q (z Di . 

Several remarks are in order here. First, by a C°-isometry we mean a distance preserving bijection 
between the metric spaces {Di,dDi) and (1)2, ^Da)- For fc > 1, a C'^-isometry is a C'^'-diffcomorphism / 
from Di onto D2 with f*{FDi) ~ Fd2- Second, a given pair of points p,q £ Di are evidently contained 
in for all large k and hence f^^ [p), f^^ {q) are well defined. Thirdly, the estimate shows that the 
family {f^^} is 'uniformly equicontinuous' on Di, and this may be regarded as a version of Vitushkin's 
theorem about the uniform extendability of a compact subgroup of holomorphic automorphisms of a 
smooth real analytic strongly pseudoconvex domain for isometries. The hypothesis about the existence 
of p^ G Di such that f^^ {p^) p^ £ D2 is to be understood as saying that {f^^} is a compact family. 
Without this the theorem is false even in the holomorphic category as the example of the unit ball shows. 
It must be mentioned that other relevant theorems of this nature for holomorphic automorphisms were 
proved by Coupet (|;6]) and Coupet-Sukhov ([TTj). When no such p^,p^ exist for any subsequence of f'^, 
that corresponds to the non-compact situation and this has been studied by Kim-Krantz in [55] where 
they prove that Di,D2 are both biholomorphic to the ball provided their boundaries are at least C^^^- 
smooth where e > 0. This statement can be deduced from their arguments in [22, without any additional 
difficulties. The main step in the proof of the above theorem is to show that 

(1-2) < TTI 
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uniformly for all k, vectors v E C" and z G Di. This in turn relies on knowing that f'^ uniformly 
preserves the distance to the boundary, i.e., 

dist(/'=(z),9D^) « distiz,dD'^) 

for z G D\. In the holomorphic case, this would be done by pulling back a strongly plurisubharmonic 
defining function for by and applying the Hopf lemma to this composition. This cannot be apriori 
applied in the case of isometrics and to circumvent the difficulty, the variation of the integrated Kobayashi 
distance in the domains D\,D2 must be studied. This is done in lemma [9771 and lemma [9781 and these 
yield the C^-stability of the estimates for the integrated Kobayashi distance (cf proposition 19. II and 19. 2p 
obtained by Forstneric and Rosay in . The proof concludes by integrating (|1.2p exactly as in the case 
of holomorphic mappings. 

Some of the material presented here has benefitted from conversations that the first author had with Kang- 
Tae Kim and Rasul Shafikov. We would like to thank them for their valuable comments, suggestions and 
encouragement . 

2. Notation and Terminology 

Let A denote the open unit disc in the complex plane and let dhyp{a, b) denote the distance between two 
points a, 6 S A with respect to the hyperbolic metric. For r > 0, A(0, r) C C will be the disc of radius 
r around the origin and B{z, S) C C" will be the Euclidean ball of radius S > around z. Let X be a 
complex manifold of dimension n. The Kobayashi and the Caratheodory distances on X, denoted by dx 
and cx respectively, are defined as follows: 

Let z E X and fix ^ a holomorphic tangent vector at z. Define the associated infinitesimal Caratheodory 
and Kobayashi metrics as 

F^{z,0 = snp{\df{z)C\:feO{X,A)} 
and F^{z,i) = inf |i : a > 0,/ e ©(A,^) with /(O) = z,/'(0) = 
respectively. The Kobayashi length of a piecewise C^-curve 7 : [0, 1] ^ X is given by 

Lxil)^ I F^{j{t),j{t))dt, 
Jo 

and finally the Kobayashi distance between p,q G X is defined as 

dx{p,q) = infix (7) 

where the infimum is taken over all piecewise differentiable curves 7 in X joining p to q. Recall that X 
is taut if 0(A, X) is a normal family. 

The Caratheodory distance cx between p, q E X is defined by setting 

cx{p,q) = sup dhyp{{f{p)J{q)) 
f 

where the supremum is taken over the family of all holomorphic mappings / : X — > A. 

The notion of finite type for a real-analytic hypersurface M C C" will be in the sense of D'Angelo, i.e., 
there is no germ of a positive dimensional subvariety in M . 

3. Some remarks on Fridman's invariant 

In this section we gather and prove several basic properties of hx {p, Ti) that will be used in the sequel. This 
will be done in a slightly more general setting by replacing the homogeneous domain 7i by a Kobayashi 
hyperbolic domain fl C C" such that the quotient il/Aut(r2) is compact, where as usual Aut(Sl) denotes 
the group of holomorphic automorphisms of 17 and as before X will be Kobayashi hyperbolic. An analogue 
of (1.1) can thus be defined as 



(3.1) 



hx{p,^) = inf - 
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where TZ denotes the set of ah r > with the property that there is a biholomorphic imbedding f : ^ X 
with f{n)D Bx{p,r). 

We begin with the following version of lemma 1.1 of [14j which will be crucial for our purposes: 

Lemma 3.1. Let X be a Kobayashi hyperbolic manifold of complex dimension n and let D be a taut 
domain in C". Suppose that there exist two relatively compact sets Ki C D and K2 C X and a sequence 
{F^} of mappings F^ : D F^{D) C X satisfying the following conditions: 

(i) for each k>l,F^:D^ F^{D) is a biholomorphism, 

(ii) for each k>l, there exists a point G Ki such that F^{z^) € K2, 

(iii) for any compact L <Z X there exists a number s = s{L) such that L C F''{D). 

Then X is biholomorphically equivalent to D . 

Proof. Consider (f)^' — {F^)~^ : F^{D) — > D and let be an exhaustion of X by relatively compact 

submanifolds such that C/„ is compactly contained in Un+i for all n. In view of the tautness of D and 
(ii), we may assume that some subsequence of {ip^} (which we continue to denote by the same symbols) 
satisfies the following condition: for each n > 1, there exists a N such that {4>'^}k>N is defined on t/„ 
and converges uniformly on compact sets of C/„ to (p : Un ^ D. Indeed, (j) : X D. We show that </> is 
a biholomorphism from X onto D. 

To prove the injectivity of (f) consider x^ and any two points in X. Then for each fc, 

(3.2) dx{x\x^)^dx{F''ocj)''{x'),F''ocj)''{x^)). 

It follows from the distance non-increasing property of the holomorphic mappings that 

(3.3) dx{F''o^^{x^),F^ocp'^{x')) <dD{^H^'),^Hx')) 
and by using the triangle inequality, we get 

(3.4) dz3(0'=(xi),0'=(x2)) <dB(0'=(xi),0(xi))+dz5(0(a;i),0(a;2)) +di3(0(a;2),0^a;2)). 
Combining p.2[) . (|3.3p and (13. 4|) and letting k ^ 00 gives 

dxix\x^) <dD{<P{x'),(j)ix^)). 

Since X is hyperbolic, we must have x^ = x^ whenever 0(2;^) = (f>{x'^)- 

It remains to show that (j) is surjective. For this note that we have already proved that X is biholomor- 
phically equivalent to a domain 4>{X) C D. Hence wc can consider as X as a subdomain of a taut domain 
D. This together with (ii) implies that {F'^} admits a subsequence that converges uniformly on compacts 
of D and since F^{D) exhaust X, the limit mapping F : D ^ X. In view of relative compactness of 
Ki and K2, we may assume that (after passing to a subsequence if necessary) that {F^{z^)} converges 
to e K2 and {z'^} to z° S /fi. It is immediate that F(z°) = x^ . Now using the hyperbohcity of X, 
choose e > small enough so that Bx{x^ , e) is compactly contained in X. Then it follows from (iii) that 
Bx{x°,e) C F''{D) for aU k large. This implies that Bx{x°,e) C F{D). 

Let JacF''' be the Jacobian of F^ . Applying Hurwitz's theorem to the sequence {JacF*''}, we deduce 
that either the Jacobian of F is never zero at any point of D or it is identically zero on D. In the latter 
case, F{D) cannot contain any open set. Since F{D) D Bx{x^,f): we conclude that F{D) is open. In 
particular, F{D) C X. For the mapping (po F : D ~> D and any z e Z?, it follows that 

(/)oF(z) = lim 4)^ oF''{z) =z 

k — >oo 

This shows that D C (f){X). This completes the proof of the lemma. □ 

Lemma 3.2. Let be a hyperbolic domain in C" and assume that Q/Aut{fl) is compact. Then is 
complete hyperbolic and hence taut. 

Proof. By hypothesis there exists a compact set K d such that for any point a; G there exists a 
y E K and a. g E Aut(il) with g{y) ~ x. Let e > be sufficiently small so that 

L = {z E : dQ,{z,K) < e} 
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is compactly contained in fl. Let {p^} be a Cauchy sequence in fl in the Kobayashi metric. Then there 
exists a positive integer fco such that dii{p^ ^p^") < e for fc > fcp. Let g E Aut(ri) be such that g{p^°) € K . 
Since biholomorphisms are isometrics for the Kobayashi metric, it foUows that 

which shows that g{p^) € L for all k > ko and that {g{p'')} is also Cauchy in the Kobayashi metric. Since 
L is compactly contained in fl and fl is hyperbolic, there exists a g e L such that g{p^) —> q a.s k oo. 
It follows that p'' — > g~^{q) as k ^ oo. This shows that O is complete. □ 

Proposition 3.3. Let X be a Kobayashi hyperbolic manifold of complex dimension n and let Q be a 

hyperbolic domain in C" such that fl/ Aut(fl) is compact. Then 

(i) if there is an x'^ (£ X such that hx{x'^,i^) — 0, then hxix'^-,^) ^ and X is biholomorphically 
equivalent to Q. 

(ii) if there is an x^ E X such that hx{x'^ ■, f^) > and X is taut, then there exists a biholomorphic 
imbedding F : fl ^ X,F{n) D Bx{x^,r) such that hx{x'^ , f^) = 1/f (i.e., the variational problem 
has an extremal). 

(iii) hx{-,^) is continuous on X . 

Proof. To prove (i) let x^ E X he such that hx{x'^ , ^) = 0. By definition, there exists a sequence 
of biholomorphic imbeddings, (p^ : ^ ^ X such that Bx{x^ , k) C (t)^{Vl). Let K he a, compact subset of 
such that for every ?/ in there exists & x E K and a g E Aut(ri) satisfying giif) = x. Composing with 
an appropriate automorphism oi Vl, if necessary, we may assume that {(f)^)^^{xf') = q^ E K . We now 
claim that {((>*' [Q)} is a sequence of subdomains of X that exhausts X . Indeed, for any compact L <Z X; 
since dx{-, •) is continuous, there exists a constant c = c{L) > such that dx{x'^,x) < c for all x E L. It 
follows that L C Bx{x^ , fc) C (f)^{^) for all k > c. Now applying lemma [01 to the sequence {(/)''} with 
Ki — {q'^} and K2 — {x'^}, we obtain that X is biholomorphically equivalent to il. Let f : X ^ fl he a 
biholomorphism from X onto il. Then for any x E X, hx{x, fl) — hQ{f{x), H.) = 0. Hence, hx{-, ^) = 0. 

For (ii) observe that by definition, there exists a sequence of biholomorphic imbeddings, F'^ . fl X 
and Rk > satisfying Bx{x^,Rk) C F^\n) and (i?/c)"^ -> hx{x^ as fc ^ 00. Let if C be 
as in part (i). Then for each fc, there exists a f^ E Aut(ri) such that — q'^ E K. 

Set F'^ := F^ o (Z*-')"^ : ft ^ X. Since X is taut, it follows that {F''} is a normal family. Hence, 
F'^ admits a subsequence that converges uniformly on compact sets of f2 to a holomorphic mapping 
F : X or F = 00. The latter cannot be true since F^{q^) = x^ which implies that F^q) = x^ where 
q = lim q E K. We must therefore have a holomorphic mapping F : fl ^ X . 

k — >oo 

To establish the injectivity of F fix e > arbitrarily small. Then BxixP ,{hx{x^ t^))^^ — e) C 
Bx{x",Rk) C F''{fl) for aU fc large. It follows that Bx{x° , {hx{x^ " e) C F{n). Since F{fl) 
contains a non-empty open set, F must be non-constant. Consider any point c E fl. Each mapping 
F'^(-) — F'^{c) never vanishes in Sl\ {c} because of the injectivity of F^ in fi. Applying Hurwitz's theorem 
to the sequence {F^{-) ~ F^{c)} C \ {c}, C"), we get that F{z) ^ F{c) for a\\ z E VL\ {c}. Since c 
is any arbitrary point of fJ, this is just the assertion that F is injective on 11. 

It remains to show that F{Vl) D Bx{x^, {hx{x^ t^))^^) ■ For this, consider 

G^- (F'=)-i : Bx{x^, {hx{x\n))-^ - e) -> 17 

that are defined for all large fc. Since Vl is taut, {G^} forms a normal family. Also, G^{x^) = 
q^ implies that {G^} admits a convergent subsequence that converges uniformly on compact sets of 
Bx{x^,{hx{x°,n)y^-e) to a holomorphic mapping G : Bx{x° ,{hx{x° -e) ft and G(a;") = q. 
Now for any p E Bx{x^, {hx{x^ t^))^^) , there exists a compact set i C such that G^{p) C L for all 
fc large. Consequently, p — F^ o G^{p) C F''{L) for all fc large. Let {w''} C L such that F^{w'') — p. 
In view of compactness of L, there exists a w'^ E L such that ^ w*' as fc — > 00. Since F^ ^ F 
uniformly on compacts of Vl, we have F'^iw^) — > F{uP). Hence, p — F{w^) C F{Vl). Therefore, 

F{n)^ Bxix^'^ihxix^n))-^). 
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To prove (iii) let x° e X he such that hxix",Q,) > and consider Hx{x°,il) {hx{x",il)y^. It is 
enough to show that Hx{-,^) is continuous. Let x^,x'^ £ X such that 2dx{x^ ^x"^) < Hx{x^ ,^)- Let 
e > be such that 

Hx{x\n) - 2dx{x\x^) - 2e > 0. 
Using the triangle inequality for dx, we get 

Bx{x^,Hxix\n)-e~dx{x\x^)) (lBx{x\Hx{x\n)-e) 

which means that 

Hx{x\n)-e-dx{x\x^) <Hx{x^,^l) 

or equivalently that 

(3.5) Hx{x\n)- Hx{x^,n) <dxix\x^) + e. 
But by the choice of e > we know that 

Hx{x'^,n)-e-dx{x\x^) >0 
and similarly the triangle inequality applied once again gives 

Bx{x\Hx{x^,n)-e-dx{x\x^)) cBx {x^ ,Hx{x^,n)~e) 

or equivalently that 

(3.6) Hx{x^,n) - Hx{x\n) < dx{x\x^) + e. 
Combining p.5|) and p.6|) yields 

\Hx{x^n)-Hx{x\n)\<dx{x\x'') 

and this shows that Hx{-, ^) is continuous in the topology induced by the Kobayashi metric. Since X is 
hyperbolic, the topology induced by the Kobayashi metric coincides with its intrinsic topology and hence 
the result follows. □ 

It must be mentioned that corresponding statements for hx {p, Ti.) where 7i is a bounded homogeneous 
domain were proved in [14j . A similar situation that dealt with a hyperbolic domain 17 with Q/ Aut{Q) 
compact was also considered in P2] . 

We shall henceforth be concerned primarily with Fridman's invariant as defined in (1.1) using the 
Kobayashi metric. To analyse its boundary behaviour the first step is to show that it can be localised 
near peak points. 

Proposition 3.4. Let D C C" be a bounded domain and let g dD be a local holomorphic peak point. 
Then for every neighbourhood U of there exists a neighbourhood V C U of z^ with V relatively compact 
in U such that for all z £ V H D, we have 

c /id(2,B") < /^[;nD(2,B") < hD{z,B") 

where c > is a constant independent of z £ V H D. 

Proof. Let U he a neighbourhood of and g £ A{U n D), the algebra of continuous functions on the 
closure of [/ n Z? that are holomorphic on UHD, such that 5(2°) = 1 and \g{p)\ < 1 for p G U O D\ 
Fix e > 0. Then there exists a neighbourhood Ui C U oi z^ such that 

{z, v) < F^^aiz, v)<{l + e)F^ {z, v) 

for z £ UiOD and v a tangent vector at z. This is possible by the localisation property of the Kobayashi 
metric (see for example lemma 2 in |33| or |16j). 

The first inequality evidently implies that Bu^oiz, r) C Bd{z, r) for all 2 G ?7i n 13 and all r > 0. Let 
i? > be such that there exists a biholomorphic imbedding / : B" — > D satisfying Bd{z,R) C /(B"). 
Composing with an appropriate automorphism of B", if necessary, we may assume that /(O) = 2. For any 
e > 0, there exists r £ (0, 1) such that Bd{z,B. — e) C /(B"(0,r)). Since £ dD is a local holomorphic 
peak point it follows that (see for example lemma 15.2.2 in [34]) there is a neighbourhood U2 C Ui of 2° 
such that /(B"(0, r)) C U n D whenever 2 e [/2 n D. Now define f{z) = f{rz) : B" ^ [/ n D which is a 
biholomorphic imbedding such that /(B") D Bur\D{z,R— e). Hence /if7nD(2,B") < l/(i? — e) whenever 
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z e 1/20 D. By taking the infimum over all such i? > we get that hunoiz, B") < hi:,{z, B") whenever 

z e C/2 n D. 

For the lower estimate the following observation will be needed. Fix neighbourhoods C/2 C [/ of as 

above. Then for every i? > there is a neighbourhood V GU2 oi with the property that if z e y n £> 
then Bi/cioiz, i?) C H D. For this it suffices to show that 



lim dunoiz, {U H D) \ U2 Cl D) ^ +00. 



Indeed for every p e (C/ n Z?) \ C/2 n Z?, 

dunD{z,p) > dA{g{z),g{p)) +00 



as z —I- z" since g(z ) = 1 and \g\ < 1 on {U H D) \ U2 H D. This proves the claim. 

Now for a given i? > let ^ be a sufficiently small neighbourhood of so that Bui^d{z, R) C U2 H D 
a z G V n D. Pick p G D in the complement of the closure of Burtoiz, R) and let 7 : [0,1] ^ D be 
a differentiable path with 7(0) = z and 7(1) = p. Then there is a io G (Oil) such that 7([0, io)) C 
BunD{z,R) and 7(^0) G dBunD{z,R). Hence 

' F^{j{t),j{t))dt > r F^{^{i),^{t))dt 

Jo 

> 1/(1 + e) f ° F^^Mt),iit))dt 

Jo 

> l/il + e)dunDiznito)) = R/{l + e) 
which implies that dD{z,p) > Z?/(l + e). In other words, 

(3.7) BD{z,R/{2{l + e)))(lBunD{z,R) 

if z G n -D. To conclude, suppose that there is a biholoniorphic imbedding / : B" ^ U O D with 
BunD{z,R) C /(B"). It follows from that /id(z,B") < 2(1 + e)/R or equivalently that 

/iD(^,B")<2(l + e)/ic;nD(^,B") 

whenever z g F n £>. Finally, observe that 

1/(2(1 + e))/iD(z,B") < /ic/nD(2,B") < /id(z,B") for aU z e y n L». 

□ 

A bounded domain P C C" is an analytic polyhedron if there exist holomorphic functions /^,...,/' 
defined on an open neighbourhood of the closure of P such that 

P = {zeC":|/i(z)|<l,...,|/'(z)|<l}. 

The generating set . . . , /' for P will be assumed to be minimal in the sense that none of the /"s can 
be dropped without distorting P. In addition, if 

(dfi A...AdfO?^Oatp 

whenever j/'^ (p)| = . . . = \P'' {p)\ = 1 for the unrepealed indices ii, . . . , ife € {1, . . . , Z}, then P is said to 
be a generic analytic polyhedron. 

For an arbitrary bounded domain C C", let A{^) denote the algebra of those continuous complex- 
valued functions on O which separates the points of fJ. A boundary of Q. for A{Vl) is a subset of SI such 
that for each / in A{n) there is a point z in 5 with |/(z)| = sup |/| on Q,. If the class of all boundaries of 
Q, contains a smallest set M, the set M is called the minimal boundary of Q.. The Shilov boundary S is 
defined to be the smallest closed boundary. It is already known (see for instance [2]) that such a boundary 
exists. Moreover, the minimal boundary M, if it exists, must be is contained in the Shilov boundary. S 
is evidently closed. For P a bounded analytic polyhedron as above, there is also a distinguished boundary 
which consists of those points in P at which at least n of the defining functions are of modulus 1. The 
following theorem in [20] will be useful for our purposes: 
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Theorem 3.5. Assume that P is a bounded generic analytic polyhedron as above and let A{P) denote the 
algebra of continuous functions on P which can be uniformly approximated on P by functions holomorphic 
in a neighbourhood of P. If I = n, then the Shilov and the minimal boundaries for A[P) coincide with 
the distinguished boundary of P. 

Having identified the Shilov boundary for a generic analytic polyhedron P, it is possible to show that the 
function hp{-,A'") can be localised near it. 

Proposition 3.6. Let 57 C C" be a domain and /' e 0{Q) for 1 < i < n. Let P be a bounded component 
of {z € ft : I/* (2:) I < 1 for I < i < n}. Assume that P is a generic analytic polyhedron in the sense 
described above. Let be a point on the Shilov boundary of P, i.e., |/*(z°)| = 1 for 1 < i < n. Then for 
every neighbourhood U of z''\ there exists a neighbourhood V d U of z'^ such that for all z Cz VHP, we 
have 

c /ip(z, A") < hunp{z,A^) < /ip(z, A") 
where c > is a constant independent of z £ VHP and A" is the unit polydisc in C". 

Proof. Let U he a neighbourhood of and let 0i,i — 1, ... ,n he real numbers satisfying the following 
properties: 

, p (e'«i/i, . . . , e"'"/") : f7 ^ C" is a biholomorphic imbedding; 
. F(zO) = (!,..., l)eC"; 

• F(t/nP) = F(c/)nA". 

This can be achieved by applying the implicit function theorem at the point z*^. Let R > such that 
there exists a biholomorphic imbedding / : A" P satisfying Bp{z,R) C /(A"). Composing with an 
appropriate automorphism of A", if necessary, we may assume that /(O) = z. For any e > 0, there exists 
r G (0, 1) such that Bp{z, R — e) C /(A"(0, r)). We claim that there is a neighbourhood Ui of z° which 
is relatively compact in U such that /(A"(0, r)) C U H P whenever z e J7i n P. To see this, suppose 
the above claim is not true. Then there exist a sequence of points {w'^l^j^ C A"(0,r) and a sequence 
{s'^lfcLi of holomorphic mappings g'' : A" P such that ^''"(O) — > z° as fc ^ 00 and 

(3.8) Ig^w'^) - z°\ > e„ 

for some eo > 0. Since P is bounded, {g''} is a normal family. Let G be any limit of {g'^}. Then 
G(0) = zO. Consider f := f' o G for i = l,2,...,n. Then f e 0(A"), |/'(0)| = 1 for all 1 < i < n 
and |/*(z)| < 1 for all z G A" and for all 1 < i < n. By the maximum modulus theorem |/'| = 1 for 
all 1 < « < n. Hence, G(A"-) C M := {\f'\ = 1, 1 < i < n}. Since M is a totally real manifold, G is 
identically a constant. Therefore G(z) = z'^ since G(0) ~ z'^. The constant map G(z) = z" is thus the 
only limit point of {g''}. This contradicts (|3.8p and proves the claim. 

Moreover, the above argument also shows that for each e > 

(3.9) F^iz, v) < F^^p{z, v)<{l + e)F^iz, v) 

provided z is close enough to z° and v a tangent vector at z. 

Hence, there is a neighbourhood Ui C U oi z" such that /(A"'(0,r)) C U (1 P whenever z G t/i n P. 
It follows that 

Bunp{z, R-e)c Bp{z, R-e)c /(A"(0, r)) 

which implies that 

/ianp(^,A") < (P-e)-i 

and hence 

/ic/np(^,A") < /ip(z,A") 

for aU zeUiDP. 

To establish the lower estimate, observe that for every P > there is a neighbourhood V C Ui oi z^ 
such that Bunp{z,R) C ?7i n P whenever z e V^nP. It suffices to show that F {Bunp{z,R)) C F(Uir\P) 
if z is close enough to z^ . Since biholomorphisms are isometrics for the Kobayashi metric, this is the 
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same as finding a neiglibourliood V of z'^ sucli that Bpfjj^p-^ {F{z), R) C F{Ui) A" if z £ V D P. It is 
already known that Bp^ijf^p){w, R) C B^n[w, R) for all w £ F{U n P). We now claim that 

Ba^{F{z),R) c F(C/i)n A" 

if z is sufficiently close to z". But this is a straight forward consequence of the fact that for any two 
points a = (ai, 02, ... , a„) and b = (61, 62, ... , 6„) in A", 

d/^^{a,b) ^ max ((iA(ai, 61), (iA (02,^2), . . . ,rfA(a„,6„)) . 
Now an argument similar to the one in proposition 13.41 that uses p. 91) shows that 

hp{z,A")<2{l + e)hunp{z,^")- 

□ 

4. Behaviour of /i near strongly pseudoconvex boundary points 

We will be using hx{-) to denote /ix(-,B") in the sequel unless stated otherwise. 

The main purpose of this section is to prove the following which is (i) of theorem 1.1. 

Theorem 4.1. Let D C C" be a bounded strongly pseudoconvex domain with -smooth boundary. Then 
hoiz) — !■ as 2 — > dD. 

Proof. Let C L> be a sequence converging to z" £ dD. It suffices to show that hoiz^) ^ as fc ^ 00. 
Several lemmas will be needed to complete the proof of this theorem. To start with, the following lemma 
in [30] will be useful. 

Lemma 4.2. let D be a strongly pseudoconvex domain, p a defining Junction for dD and p £ DD. Then 
there exists a neighbourhood U of p and a family of biholomorphic mappings h^ : C" — s- C" depending 
continuously on C, £ dD n U that satisfy the following: 

(i) h^iO = 0. 

(ii) The defining function — p o h^^ of the domain D'^ :— h(^(D) has the form 

pc{z) = 2(5Rz„ + K^iz)) + H^{z) + ^^(z) 

n n 

where Kq{z) — aij{C)ziZj, H(^(z) — bij{()ziZj and Q!^(z) — o(|zp) with Ki^{'z,0) = 
andH^{'z,0) = \'z\^. 

(iii) The mapping h(^ takes the real normal to dD at ( to the real normal {' z = j/n = 0} to dD'' at the 
origin. 

Here, z £ C" is written as z = ('z, z„) £ C"^^ x C. 

To apply this lemma, select C'^ £ dD, closest to z''. For k large, the choice of ('^ is unique since dD is 
sufficiently smooth. Moreover, C'^ z° and z*"' ^ z° as fc ^ 00. Let /i*^ := h^k be the biholomorphisms 
provided by the lemma above. Let T'' : C" C" be the anisotropic dilation map given by 

and let D^ ^T'^o h^{D). We observe that for k large, h''{z^) = ('0, -4) so that T'' o h^{z'') = ('0, -1). 
Since h is invariant under biholomorphisms, it follows that 

hD{z'')^hok{{'Q,^l)) 

for all k large. We will show that hp,k{{^Q, —1)) ^ as fc — > 00. 

It has been shown in [30] that the sequence of domains {D^} converges in the Hausdorff metric to the 
unbounded realization of the unit ball, namely to 

Z^oc = e C" : 2 3?z„ + I'zp < o|. 

It is natural to investigate the behaviour of dp,k (z, •) as fc 00. To do this, we use ideas from [35] . 

Lemma 4.3. Let £ D^o- Then dpik{x'^,-) dp>^(x^ , ■) uniformly on compact sets of D^^^. 
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Proof. Let K C D^o be compact and suppose that the desired convergence does not occur. Then there 
exists a eo > and a sequence of points {p''} C K which is relatively compact in D'' for k large such that 

|d^.(a;°,/)-dD^(a;°,/)| > eq 

for all k large. By passing to a subsequence, assume that p'' ^ £ K as k ^ oo. Since do^ixP , ■) is 
continuous, it follows that 

(4.1) >eo/2 

for all k large. Fix e > and let 7 : [0, 1] be a path such that 7(0) = a;°, 7(1) = and 



FEjlit),^it))dt < dD^{x",p') + e/2. 
Define 7*^ : [0, 1] ^ C" by 

7^t)=7(i) + (/-P> 

Since the image 7([0, 1]) is compactly contained in Doo and p'^ ^ p'^ G K as k ^ 00, it follows that 
7*= : [0,1] D'' for k large. In addition, 7*^(0) = 7(0) = x° and 7'=(1) = 7(1) + p'' - p° = It is 
already known that F^^[-, ■) F^^{-, •) uniformly on compact sets of Doo x C" (see [35]). Also, note 
that 7^^ ^ 7 and 7^^ — s- 7 uniformly on [0, 1]. Therefore for k large, we obtain 



F^,{^Ht),iHt))dt< / F^J^{t),^{t))dt + e/2<dnA^",p°) + e. 
Jo 

By definition of djjk{x'^ ,p''^) it follows that 



rf,,.(x",p^) < / i^^.(7"(0,7'W)rfi < dD^ix",p') + 



€. 



Thus 



(4.2) limsupdc..(x^p'') <dD^(a;^p^). 

k — 'oo 

Conversely, since KU {a;°} is a compact subset of -Doo, it follows that KU {x^} is compactly contained 
D'^ for all k large. Fix e > and let V C U be sufficiently small neighbourhoods of 2;" G dD with ^ 
compactly contained in U so that 

(4.3) Fl^{z,v) < F^^o{z,v) < {l + e)Fj^{z,v) 

for z £V C\ D and w a tangent vector at z. If fc is sufficiently large, {T^ o h^) "^(x^) and {T^ o h^) ^(p^) 
belong to F n L*. If C/ is small enough, [/ n £> is strictly convex and it follows from Lempert's work [26] 
that there exist nik > 1 and holomorphic mappings 

: A(0, mfe) -^UnD 

such that 0'=(O) = (r'= o h'^ f^x"), ^'=(1) = (T*^ o h^y^{p^) and 

dc/nD((r^-oft'=)"'(x°),(T'=o/j'=)-\/)) = dA(o,™,)(0,l) 

(4.4) = f F^^j,{4>\t),^\t))dt. 

Jo 

By [37j, it follows that 

dc/nD ((T^- o /i'r '(a:°), (T^ o /i^V '(/)) < (1 + e)dD ((T'^ o /i^-)^\a;°), (T'^ o /i'=)^\/)) 
for all k large. Since o arc biholomorphisms and hence Kobayashi isometrics, 

(4.5) dTk,nHUnD){x\p^) < {I + ()dDk{x° ,p^). 
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Now (|4.4p shows that 

ilog(^JJJ^) =dA(o.™.)(0,l) = dunD{{T''oh'^)-\x'),{T'^oh'^)-\p'^)) 

= dT''oh''{unD}{x'^ iP'') 

However from (|4.2p we have that 

do^x^.P^) < dD^{x°,P°) + e< oo 

and hence > 1 + S for some uniform (5 > for ah k large. Thus the holomorphic mappings u'^ = 
T^oh^o(j)'' : A(0,l + 5) T'^oh'^iUnD) C D'' are well-defined and satisfy cr'=(0) = x° and cr'=(l) = p'=. 

We claim that {cr*^} admits a subsequence that converges uniformly on compact sets of A(0, 1 + S) to 
a holomorphic mapping a : A(0, 1 + S) Doo- Indeed consider the disc A(0,r) of radius r £ (0, 1 + S). 
Observe that (T'=o/i'=)-iocr'=(0) = (/)'=(0) = {T''oh'')-^{x°) 2° € 91? as fc oo. Let be a sufficiently 
small neighbourhood of z°. Since z° G is a local peak point, it follows that {T'' o h'')~^ oa''[A{0, r)) C 
W O D for all k large. If W is small enough, there exists R > 1 such that for all k large 

h''{W n D) C {z e C" : \zn + i?P + I'zp < c no 

where 

f7o {z e C" : 2R{nzn) + I'zp < o}. 

Note that flo is invariant under T'' and fip is biholomorphically equivalent to B". Hence o''^(A(0,r)) C 
T'' o DD) cilo for all fc large. If a''{z) = (V^X^): for each fc, this exactly means that 

2i?(5RK';(z))) + |V^.)p<o 

whenever z G A(0,r). It follows that {o'ni'^)}'k^i ^^"^ hence each component of {'cr'^(z)} forms a normal 
family on A(0, r). Since re (0, 1 + (5) was arbitrary, the usual diagonal subsequence yields a holomorphic 
mapping a : A(0, 1 + 5) — > C" or ct = oo on A(0, 1 + The latter is not possible since <t{0) = x". 

It remains to show that a : A(0, 1 + S) ^ Doo- Following [301, note that D'^ are defined by 

p\z) = 2^Zn + \'zf + A''{z) 

where 

\A''{z)\ < |zp(cV4+?7(4|zn). 
Thus for z e A(0, r) and r e (0, 1 + <5), 

(4.6) 2R{nia^,{z))) + \'a\z)\' + A^aHz)) < 

where 

|A'=(a'=(z))| < \a'^{z)\'{c^,+v{SkW'{z)n). 
Letting fc — > oo in (|4.6p yields 

2i?(5R(a^(z))) + |V^z)P<0 

for z G A(0, r) or equivalently that <T(A(0,r)) C -Doo- Since re (0, 1 + (5) was arbitrary, it follows that 
(j(A(0, 1 + (5)) C Z^oo- Since (7(0) = x'^, the maximum principle shows that (t(A(0, 1 + (5)) C i'cx;- Using 
(|^31) and (1131), we get 

1 /.I 



F^,{a\t),a\t))dt < I FE{^\t),^\t))dt 

F{f^j,{c^\t),^\t))dt 



< 



= dTkoh''{unD){x°,p'') 
< (l + e)d,,.(a:°,/) 
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Since ct'^ — > and — > a uniformly on [0, 1], again exploiting the uniform convergence of F^f.{-^ •) — > 
(•, •) on compact sets of x C", we see that 

F^^{a{t),a{t))dt< f Fl^,{<j''{t),&''{t))dt + e<dD.{x°,p'')+C€ 
°° Jo 

for all k large. Finally, observe that cr|[o,i] is a differentiable path in Doc joining and p*^. Hence by 
definition 

(4.7) dD^{x°,p'')< f F^^{a{t),a{t))dt<dj,.{x\p^) + Ce 

Jo 

Combining (|4.2p and (|4.7p shows that 

hm do.{x",p'')=dD^{x'',p°) 

k — *oo 



which contradicts the assumption (j4.ip and proves the required result. □ 
Lemma 4.4. Fix € Doc and R> 0. Then 

Bdu{x\R)^ Bd^{x\R) 
in the Hausdorjf sense. Moreover, for any e > and for all k large 

(i) Bd^{x^,R) C BD.{x°,R + e), 

(ii) BD^ixO,R-e) C Bd^{x°,R). 

Proof. Let K C B^^ {x'^, R) be compact. Then K is a relatively compact subset of D'' for all k large and 
there exists a positive constant c = c{K) E (0, R) such that do^ (x", z) < c for all z £ K. Pick c G (c, R). 
It follows from lemma that 

djjk {x°,z) < do^ z) + c- c 
for all z in K and for all fc large. Therefore 

d^ik (a;°, z) < c < i? 

for all z S ii' and for all k large. This is just the assertion that K is compactly contained in Bjjk (x", R) for 
all k large. Conversely, let K C C" be a compact set such that K is compactly contained in Bjjk{x^ ,R) 
for all k large. Then K is relatively compact subset of Doo- Additionally, there exists a positive constant 
c = c{K) g (0, i?) such that d£ik{x^,z) < c for ail z £ K and for all k large. Pick c e {c,R). Again 
applying lemma [4731 we see that 

do^ (a;°, z) < djjk (x", z) + c - c 
for ai\ z £ K and all fc large. Thus for all z £ if, we obtain 

d_D^(x°,z) < c < R 

or equivalently iiT is compactly contained in B^^ixP , R). This shows that the sequence of domains 
{B]jk (x", i?)} converges in the Hausdorff metric to Bo^ (x°, R). 

To verify (i), first observe that the closure of Bo_^{x^ ,R) is compact since Doc is Kobayashi complete. 
Then using lemma 14.31 we get that 

djjk (x°, z) < do^ (x°, z) + e 
for all z in the closure of B^,^ [x^ ^ R) and for all k large. Said differently, 

Bd^ R) C Bok (x°, i? + e) 

for all k large. 

For (ii) suppose that the desired result is not true. Then there exists a eq > and a sequence of points 
{a}}'^i C dBD^{x'^ , R) such that a' £ Bjji{x^ ,R~ eq). In view of compactness of 9i3D^ (x", i?), we may 
assume that a!" ^ a £ dBD^{x^ , R) as Z ^ oo. It follows from lemma 11751 that 

djji (a', x") djj^ (a, x°) 

as Z — > oo. Consequently, dD^{a,x^) < i? — eg. This violates the fact that dD^{a,x°) ~ R thereby 
proving (ii). □ 
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Proof of Theorem \4-l\ It suffices to show that hjjk (('0, — I)) — > as fc ^ oo. For any R> 0, there exists 
a biholomorphism 6 : B" — > S^i^ (('0, — f ), i?) as Doo is biholomorphically equivalent to B". For e > 
given, there exists a S £ {0, 1) such that 

(4.8) Bd^ (('0, -I), R-e)c 0(B"(O, S)) C (('O, -f ), i?). 
It follows from lemma that 

(4.9) 6i(B"(0,(5)) c Bc.(('0,-I),i?) c 
and 

(4.10) (('0, -1), i? - 2e) C Bd^ (('0, -1), i? - e). 

for all k large. Finally note that (|4.8p . (|4.9|) and (I4.10p altogether yield that there exists a biholomorphic 
imbedding 9 : B"(0, 6) such that 

BD,{x'^,R-2e) c 6'(B"(0,<5)) 

so that 

hD^ii'O,-!)) < l/{R-2e). 
Since R > was arbitrary, we have h]jk (('0, — 1)) ^ as fc ^ oo. This finishes the proof. □ 

Remark 4.5. Observe that the above result can be stated as 

hD{z)^hD^{{'0,-l)) = 

as z ^ 2° where Doo — B" is the model domain at the point 
Behaviour of h on a strongly pseudoconvex domain (Z?, cd): 

In this section, we intend to focus on Fridman's invariant defined using the Caratheodory metric. To be 
more concrete, let X be a c-hyperbolic complex manifold of dimension n, i.e., the Caratheodory distance 
cx is a distance and the topology induced by cx coincides with the Euclidean topology on X . Then for 

(4.11) hx{p,B^)=M- 

ren r 

where TZ denotes the set of all r > with the property that there is a biholomorphic imbedding / : B" 
X with /(B") D B^{p,r), the ball in the Caratheodory metric with radius r around p G X. Evidently, 
/ix(p, B") is a biholomorphic invariant. The notation hx(p,'B") is to interpreted in the sense described 
above for the rest of this section. The following result will be needed for our purposes. The proof is 
exactly that of proposition 13.31 and is hence omitted. 

Proposition 4.6. Let X be a c-hyperbolic manifold of complex dimension n. Then 

(i) if there is an x'^ £ X such that hx{x'^ , ^) = 0, then hx{x^ , B") = and X is biholomorphically 
equivalent to B". 

(ii) /ix(-,B") is continuous on X . 

The goal now will be to investigate the boundary behaviour of hx{-, B") as defined in (|4.1ip for a strongly 
pseudoconvex domain X . More precisely, the following global statement can be proved: 

Theorem 4.7. Let D C C" be a bounded strongly pseudoconvex domain with -smooth boundary. Then 
hDiz,B") as z dD. 

Proof. Let {z'^} C -D be a sequence converging to e dD. It suffices to show that hni^z^) — > as 
k oo. Choose C,^ E dD, closest to z*^. Then — > z'^ as fc — > oo. 

We now scale the domain D with respect to the base point z° G dD and the sequence {C'^}. Let h'', T^ , D^ 
and Dao be defined as before. The first step towards proving theorem l4.7l is to control Cj^k (z, •) as fc ^ oo. 
To do this, one has to essentially repeat the arguments in [3S]. We indicate here the necessary changes 
in [35] to infer stability of the Caratheodory distance. 
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Lemma 4.8. For any x° G -Dqo 

lim cjjk {x°, •) = cd^ (a;°, •)• 

k — ^CXj 

Moreover, the convergence is uniform on compact sets of Doo ■ 

Proof. Let K C Doc be compact and suppose that the desired convergence does not occur. Then there 
exists a eo > and a sequence of points {p''} C K which is relatively compact in D'' for k large such that 

\cDk{x°,p'')-CD^{x°,p'')\ >eo 

for all k large. By passing to a subsequence, assume that p^ ^ p^ ^ K as k ^ oo. Since cd^{x'~', •) is 
continuous, it follows that 

(4.12) |cc.(a;°,/) - cdAx°,p°)\ > eo/2 
for all k large. 

Let (p^ : D'' ^ A he holomorphic maps such that (l)''{x°) — and dhyp{Q , (j)^ {p^)) = Cijk{x°,p^). The 
family {</)'"'} is uniformly bounded above. Additionally, since {D'^} converges to Z?oo in the Hausdorff 
sense, these maps are defined on an arbitrary compact subset of Dqo and hence some subsequence of 
{(/)'"'}, which we will be denoting by the same symbols, converges to (p ■ ^oo Evidently, — 0. 

Then the maximum principle forces that (j) ■ D^o A. 

Note that (j)''{p'^) <j){p^) as k ^ oo. As a consequence 

d;,,p(0, -.d„,p(O,0(/)) 

as fc ^ OO. Fix e > arbitrarily small. Then it follows that 

co.(x°,p'=) = dhyp{0,(j>''{p'')) < 4yp(0, (/.(/)) +e 
for all k large. However from the definition we have that 

d,,j,p(O,0(/)) <cz5^(a;°,/). 

The above argument shows that 

(4.13) lim sup Cd^^{x°,p'') <cd^{x°,p°). 
For the converse, fix e > small and note that 

for all k large. The first inequality is well-known. The second inequality follows from (|4.7p . Moreover, it 
is already known that [T^ oh'') ^(a:°) and (T*^ oh'') ^{p'') both approach z'^ e dD as k ^ oo and that 

d^.(a:°,/) = dn{{T'' o h^y'ix^), {T" o h'^y'ip")) 

for all k. Let f7 be a sufficiently small neighbourhood of e dD. If U is small enough, U D D is strictly 
convex and it follows from Lempert's work [26] that cd = on U D. It now follows that 

dn^iT" o h^y'ix^), {T" o h^y'ip")) < dunD{{T'' o h^y'ix^), {T" o h^y'ip")) 

= cunD{{T''oh'')-\x°),{T''oh'')-\p'')) 

Applying corollary 10.5.3 of [H], which is essentially a statement about localizing the Caratheodory 
distance near the boundary, we see that 

cunD{{T'' o h^y'ix"), {T" o h'')-\p'')) < (1 + e)cn{{T'' o h'')-\x°), {t" o h^y'ip")) 

for all k large. Since T'' o h'' arc biholomorphisms and hence Kobayashi isometrics, 

cd{{T'' o h'')-\x°), {T" o h^y'ip")) = c^.(x",/). 

Since {c^pfc (a;'',p*')} is uniformly bounded by (|4.13p . it follows that 

(4.14) cz,^(x°,/) <c,3.(x°,/) + Ce 
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for all k large. Combining (|4.13p and (|4.14p . we see that 

lim Cd,{x°,p'') = CD^{x°,p°). 

k — >oo 

This violates (|4.12p and hence the result. □ 

Now, an argument similar to one in lemma [44l that uses the fact that [Doo, cd^) is complete and hence 
closed Caratheodory metric balls are compact shows that 

Liemma 4.9. Fix x° e Doo and R>0. Then {B'^,{x°,R)} converges to i?^^(a;°,i?) in the Hausdorff 
sense. Moreover, for any e > and for all k large 

(i) B^JxO,R)cB<^,{xO,R + e), 

(ii) B^,{x",R-e)cB^Jx°,R). 



Proof of Theorem |^. 7| This can be proved by making the relevant changes in the proof of theorem 14.11 
using lemmas 14.81 and 14.91 □ 

5. Behaviour of k near weakly pseudoconvex points of finite type in 
The main objective of this section is to establish the following: 

Theorem 5.1. Let D C be a smoothly bounded weakly pseudoconvex domain of finite type. Let {p-'} 
be a sequence of points in D converging to p° € dD. Then 

hD{p>)^hD^{{Q,-l)) 

as j CO where Doo is the limiting domain obtained by scaling D with respect to the base point p° and 
the sequence {p^}. 

Proof. There are two cases to be considered. After passing to a subsequence if needed, 

(i) lim holp-') — 0, or 

(ii) lim hi:){pP) > c for some positive constant c. 

In case (i) the domain Doo will turn out to be biholomorphic to B" while this will not be the case in (ii). 

It will be useful to briefly describe the scaling of D and the corresponding model domain in terms of the 
base point p° and the sequence p^ converging to p'^. These will require some basic facts about the local 
geometry of a weakly pseudoconvex domain in near a boundary point of finite type. 

Scaling the domain D: 

Let 13 C be a smoothly bounded pseudoconvex domain of finite type defined by {p{z, z) — 0} for 
some smooth function p. We may assume that p^ = (0, 0) and Vp(0, 0) = (0, 1). Then there exists a local 
coordinate system in a neighbourhood of (0, 0) such that the domain D can be written as 

{(zi, Z2) e C : 2^Z2 + H2m{zi,zi) + o(|z|2" + 3z2) < o} 

where is a homogeneous subharmonic polynomial of degree 2m > 2 in zi and zi which does not 
contain any harmonic terms. Choose G dD defined by 

^p> + {0,e,), ej>0 
From ^ it follows that there exists a sequence {(j)^'} of automorphisms of defined by 

(2m \ 
^1 - CI -ci-Y. - ay) (d^icny' j 

where (i'(C"') are non-zero functions depending smoothly on and d^{(^) — > 1 as j — > oo. Observe that 

0«^(C^) = (0,0), <l>'^'{p^) = {0,-e,{d"{C)y''^ 
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and the defining function for (j)'^' {dD) around the origin is 

2m 
1=2 

where Pi^(^i{zi,z{) are real-valued homogeneous polynomials of degree I without any harmonic terms. 

Also, Pii^i{zi,zi) for / < 2™ and P2„j^j (zi, zi) H2m{zi,zi) as j oo. Let 1| • 1| be a fixed norm 
on the finite dimensional space of all real- valued polynomials on the complex plane with degree at most 
2m that do not contain any harmonic terms. Define 

Since P2m,Ci ~^ H which is a non-zero polynomial, it follows that sup (ej~^r(C-', ej)^"*) < oo. Let 

3 

A^^j : ^ be a sequence of dilations defined by 

/^y,{zi,z2) = [ , , — ) . 

A useful set for approximating the geometry of D near p° is the Catlin's bidisc Q{C-' determined by 
the quantities t{(^ ,ej) where 

0(C^6,) = (Aj></.^y'(AxA). 
Then the domains = A^^ o (D) converge in the Hausdorff metric to 

£'oo = {(21,22) G : 2UZ2 + Poo{zi,zi) < 0} 

where 

^ 2m 

Poo{zi,Zi)= lim — Vr(C^ej)'P^,fj(2l,Zl) 

is a real- valued subharmonic polynomial of degree at most 2m without harmonic terms. Note that if 
the sequence p' converges normally to the point i.e., p' = p° — €jn{p^) where denotes the unit 

outward normal to dD at p", then it turns out that PooC-^i, zi) = H2m{zx,zi). Therefore, 

£•00 = {(21,22) e : 21kz2 + H2m{zi,Zi) < 0}. 
Stability of the infinitesimal Kobayashi metric: 
Lemma 5.2. For {a,v) G D^o x C", 

lim Fl^,{a,v)=Fl^Ja,v). 

J— >oo 

Moreover, the convergence is uniform on compact sets of -Dqo x C" . 

Proof. Let S C Doc and G C C" be compact and suppose that the desired convergence does not occur. 
Then there is a eo > such that after passing to a subsequence, if necessary, we may assume that there 
exists a sequence of points {a-'} C S which is relatively compact in and a sequence {v^ C G such 
that 

\Fl^,{a^,v^)-Fl^Ja^,v^)\>eo 
for j large. Additionally, — > a G 5 and ^ w G G as j — > 00. Since (a, •) is homogeneous, we may 
assume that \v^\ = 1 for all j. Observe that Doc is complete hyperbolic and hence taut. The tautncss of 
D^ implies via a normal family argument that Fj^^{-,-) is jointly continuous, < Fl^^{a,v) < 00 and 
there exists a holomorphic extremal disc 5 : A — > D^o that by definition satisfies g{0) — a,g'{Q) — jiv 
where /x > and {a, v) = l/fx. Hence 

(5.1) {a^,v^) - FE^ (a, v) \ > eo/2 

for j sufiiciently large. Fix S G (0, 1) and define the holomorphic mappings fli^ : A — > by 

gi{z) = g{{l- 5)z) + [a' - a) + /i(l - 5)z{v^ - v). 
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Since the image g {{1 ~ 6) A) is compactly contained in and a-' — > a, u-' — > u as j oo, it follows that 
5^ : A ^ for j large. Also, 5^(0) = .g(0) + - a = and (.g^)'(O) = (1 - S)g'{0) + ^(1 - S){v' - v) = 
fi{l — S)v^ . By the definition of the infinitesimal metric it follows that 



1 F^J<^,v) 



Letting (5^0+ yields 

(5.2) lim sup F^, [a' ,v^) < F^^ (a, v). 

Conversely, fix e > arbitrarily small. By definition, there are holomorphic mappings : A 
satisfying /■' (O) — and (/-')' (0) = ii^ where fj,^ > and 

(5.3) Fj^,{a^,v^)>^-e 

The sequence {/-'} has a subsequence that converges to a holomorphic mapping / : A ^ Doo uniformly 
on compact sets of A. To see this, consider A(0,r) for r e (0, 1). We may assume that 5 is compactly 
contained in A(0, C^^'") x A(0, Ci) for some Ci > f . As a consequence 



e A(0, C!'^") X A(0, Ci) c A (^0, -^^^^fff ) ^ ^ 
for all j. In particular, for all j 

(A^>0^^rl(a^")eQ(C^Cl6,). 

Also, note that 

(A^^, o0';')-i(aJ) e dD 

as j — )■ oo. Now, applying proposition 1 in [4] to the mappings 

(A^^- o0?')^i o/J' -.A^D 
shows that there exists a uniform positive constant C'2 — C2 {r) with the property that 

(AJ^. o ^i'Y' o P{A{Q,r)) c g(C^C2Cl6,) 

or equivalently that 

/^■(A(0,r)) c a(o,v/C^) X A(0,CiC2). 

Therefore, {/■'} is a normal family. Hence, the sequence {/^} has a subsequence that converges uniformly 
on compact sets of A to a holomorphic mapping / :A— )-C^or/ = oo. The latter cannot be true since 
/(O) = a. It remains to show that / : A ^ Doo- For this note that are defined by 

m 

2e, 3f^Z2 + ^T(C^e,)'P^,c4^l,^l) + ^C^(e^■3^2,r(C^e,)^l) < 
1=2 

where (ej3z27 ''"(C"' , ej)-Zi) — ejo(l) and the term o(l) is uniformly convergent to zero as j — > 00. 
Thus, for w e A(0, r) and r e (0, 1) 



2e, 



Hfl{^))+Y.<^'^^i)'Pw {fiMJiM) (e, 3(/|(«;)),r(C^e,)/^(^)) < 0. 



i=2 

Letting j — > 00 yields 



2 3?(/2(w)) +Foo(/i(«^),/i(w')) <0 
or equivalently that /(A(0, r)) C I?oo- Since r e (0, 1) was arbitrary, it follows that /(A) C I?oo- Since 
/(O, 0) — a the maximum principle forces that / : A ^ Doo- Note that 

/'(O) = lim (/^)'(0) = lim n^v^ = ^iv 

j—^oo j—>-oo 

for some > 0. It follows from the definition of the infinitesimal metric that 

F^Ja,v) < 
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The above observation together with (|5.3p yields 

(5.4) nminfF^, (a^w^) > {a,v). 

Combining (|5.2p and (|5.4p shows that 

1™ 1,^^ 



which contradicts the assumption (jS.ip and proves the lemma. □ 

Remark 5.3. This lemma does not directly follow from [41] since there is no taut domain that contains 
all the scaled domains . 

Write (0,-1) = z° and (O, -l/d"(C^)) = for brevity. 

Proof of Theorem \5.lY i): For each j, let l/Rj be a positive number that almost realizes hr){p^), i.e., 
1/Rj < hoip^) + e for some fixed e > 0. Evidently, the sequence Rj oo and there exists a sequence of 
biholomorphic imbeddings : ^ _D satisfying F-'(O) = p' and B£,{p',Rj) C F-'(B^). Consider the 
dilated maps 

:= Aj^. o 0?' o F^' : ^ 

Note that A'^] o 0^' o F^{0, 0) = (O, -l/d"(C-'')) ^ (0, -1) as j oo. In this setting, theorem 2 of [4] (see 

proposition 2.2 in [3] also) shows that the sequence {Aj^^ o0^' oF^} admits a subsequence that will still be 

denoted by the same indices, that converges uniformly on compact sets of B^ to a holomorphic mapping 
■0 : B^ ^ C^. Now an argument similar to the one in the proof of lemma shows that tp ■.'B'^ ^ F>oo- 

Then is a biholomorphism. To establish this, it will suffice to show that for each e > 0, 

(5.5) BD^iz^,R-e)cBD.iz\R) 

for all i? > and all j large and this will follow from 

limsnpdDj{z^ , ■) < dD^{z°, •). 

For this fix g G Doo and let 7 : [0, 1] — > Doo be a piecewise C^-smooth path in Doo such that 7(0) = 
z", 7(1) — q and 

/ F^^ (7(0, j{t))dt < dD^ (z", q) + e/2. 
Jo 

Define 7^' : [0, 1] by 

7^"(t)=7(0 + (^^'-^°)(l-0- 
Since the trace of 7 is relatively compact in Doc and — > z*^, it follows that the trace of 7 is contained 
uniformly relatively compactly in for all large j. Note that 7-' (0) = 7(0) + z^ — = z-' and 7-' (l) = q. 
In addition, 7^ — s- 7 and 7-' — s- 7 uniformly on [0, 1]. It follows from lemma [5T^ that 

^5 (7^(i),f Wjc^i < /' h{t),i{t))dt + e/2 < do^z^q) + e. 
JO Jo 

Consequently, 

dD^{z^,q)< I F^,{j^{t),j^{t))dt<dD^{z",q) + e 
Jo 

which implies that 

limsupdi3j(z-', •) < d£)^(z°, •). 

Note that B]j{p^ , Rj) C F^ (B^). Since A^^ o (f>''^ are biholomorphisms and hence Kobayashi isometries, 
it follows that 

Bd,{z^,R,)cAI]oc^^'oF^{B^). 
Since [Docdo^) is complete, it is possible to write 
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which is an exhaustion of by an increasing union of relatively compact domains. Consider 

These mappings are evidently defined on an arbitrary compact subset of Doo for large j and hence some 

2 

subsequence of {9^} converges to 9 : Dao B . Moreover, 9(0, —1) = (0, 0) together with the maximum 
principle shows that 9 : Doo — » B^. Finally observe that for w in a fixed compact set in Doo, 

\ip o 9{'w) — w\ = o 9{'w) — o 9-' {'w)\ 

= \iPo 9{w) - V ° 9'{w)\ + IV' o 9'^{w) - tp' o 9'\ 
as j — > cxD 

This shows that ijj o 9 — id. Similarly, it can be proved that 9 o = id. This shows that Z?oo is 
biholomorphically equivalent to B^. In particular, /i^^ (•) = so that h^lp^) ((0, —1)) as j oo. 

This completes the proof of case (i). □ 

Case (ii) differs from (i) in one important way. To prove that the integrated Kobayashi distance is 
stable under scaling in the strongly pseodoconvex case, Lempert's theorem that guarantees the existence 
of complex geodesies in strongly convex domains was used. This approach will evidently not work for 
weakly pseudoconvex domains. To control the integrated Kobayashi distance in weakly pseudoconvex 
domain under scaling, the following two ingredients will be required that serve to circumvent the need 
for complex geodesies. 

Lemma 5.4. Let D be a Kobayashi hyperbolic domain in C" with a subdomain D' C D. Let p,q G D' , 
dD{p,q) = a and b > a. Lf D' satisfies the condition BD{q,b) C D' , then the following two inequalities 
hold: 

^^'(^''^)- tanh(l-a) '^^^^''^^' 

The reader is referred to [52] (or [55] ) for a proof, but it should be noted that this statement emphasizes 
an upper bound for do' in terms of do- An estimate with the inequality reversed is an immediate 
consequence of the definition of the Kobayashi metric. 

The second ingredient is an estimate for the Kobayashi metric between two points in a weakly pseudo- 
convex finite type domain D in due to Herbort (^19J). To state this, let d{-,dD) be the Euclidean 
distance to the boundary and p a smooth defining function for dD. For a,b Cz D, define 



.^ 1 A dia,b) \{L{a),a~b)\\ 



d{a,b) — min |d'(a, 6), |a — 6| } 

d'{a,b) = inf {(5 > : a e Q(6,(5)}, 
where (•, •) denotes the standard hermitian inner product in C^. 
The main result of pjj that is needed is: 

Theorem 5.5. Assume that D = {p < 0} C 6e a bounded pseudoconvex domain with smooth boundary 
such that all boundary points are of finite type. Then there exists a positive constant C* such that for any 
two points a,b G D 

C,{p*ia,b) + p*ib,a)) < dDia,b) < 1/C,{p*{a,b) + p*ib,a)). 

Observe that in case (ii) the largest radii admissible in the definition of the Fridman's invariant function 
hoip^) is at most vq where vq — 1/c. Several lemmas will be needed to complete the proof in this case. 
We first note the following: 
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Lemma 5.6. For all R > and for all j large, Bjjj {z^ , R) is compactly contained in D^o- 

Proof. The proof divides into two parts. In the first part we show that the sets Bjjj{z^,R) cannot 
accumulate at the point at infinity in dDao and in the second part we show that the sets B£,j{z^ , R) do 
not cluster at any finite boundary point. First note that 

Bn.{z\R)^Al^,ocf><\BD{p',R)) 

Assume that q € B o{p^ , R) ■ Using Herbort's lower estimate for the Kobayashi metric gives us 

{p*{p> ,q) + p*{q,p>)) < dD{p^ ,q). 

As a consequence 

d{p',q) < exp{R/C,)d{p\dD) 

which in turn implies that 

• either \p^ ~ q\ < d{p^ , dD) exp(i?/C*) or 

• for each j, there exists a Sj G (0, d{p^ , dD) exp(i?/C,)) such that p^ S Q{q, Sj). 

It follows from proposition 1.7 in [5 that there exists a uniform positive constant C such that for 
each j, the following holds: if p^ £ Q{q,Sj), then q G Q[p^ ,CSj) . Hence, the second statement 
above can be rewritten as: there exists a positive constant C such that for each j, there exists a 
5j £ {0,d{p' ,dD)exp{R/Ct:)) with the property that 

q £ {r')-'{mrip',C5,)) X A{0, CS,)). 

Said differently, B£)j{p',R) is contained in the union 

BdAp',R) C B(^p',d{p',dD)exp {R/O) U (cp^'' [a{Q,t{p> ,C5,)) x A(0,C(5,)) 

with 6j as described above. Now, using the explicit expression for cj)'^' we get 

(j,'^' {(zi,Z2) £ C9 : \zi-p{f + \z2-pif < {d{p^,dD)yexp{2R/a)} = 



(wi, W2) : \wi\ 



2m 



d°{C)w2+e,+J2d\(:'Wi 



1=1 



< {d{p>,dD)) expi2R/C,) 



Hence 

(5.6) 
where 



A^^, o {(zi,Z2) £ : \zi~p{\^ + \z2-pi\^ < {d{p',dD)fexpi2R/a)} 



w : \wi\ + 



2m 



W2 



1 + 



1=1 



< 



{d{p^,dD)f exp{2R/C,) 



If It; = {wi, W2) belongs to the set described by (|5.6p above, then 

d{p>,dD)exp{R/C^ ^ e^exp(i?/C,) 



(5.7) 



(5.8) 



d°(C')u'2 + l + er'(lZ"'''^i 



1=1 



< 



d{p^,dD)exp{R/C,) 



< exp{R/C,). 



and 



Moreover, for 6j £ {0,d{p^ ,dD)cxp{R/C^)), 

{r')-^{{zi,Z2) £ C2 : l^il < t{p',C6,),\z2\ < Cd,} 



iwi,W2) ■■ \WI -p{\ < T{p>,C5j), 



2m 



W2 



p'2-E'^'(^')(^i-pi)' 



1=1 



< C5jd°{p') 
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SO that 

(5.9) 
where 



\Wi\ < 



2m 



< 



If w — {wi,W2) belongs to the set given by (|5.9p . then 
(5.10) \wi\ 



rf"(c-')w^2 + i + er'(E^'''^i 



1=1 



< 



< 



< 



and 



^(C^e,) 

Cd{p>,dD) exp{R/C,)d°{p^) 



(5.11) < exp{R/C,)d°{p>). 

It foUows from Cathn's work that 

• e//2<r(C-'-,e,)<6//2" 
. r(p^C6,)«r(C^e,) 

• M'(C^')I ^ ej(T"(C^ej))"' for aU 1 < ? < 2m 

• M'(P^)I ^ ej(T(p'',ej))"' for all 1 < ^ < 2™ 

• d°iC) w 1 and d°ipi) w 1. 

These estimates together with (15. 7p . (|5.8p . (|5.10p and (|5.1ip show that if it; = (wi, W2) belongs either of 
(j5.6p or (|5.9p . then |w| is uniformly bounded. In other words, the sets 

Al^ocj,'^' {Bij^,d{p^,dD)eMR/C.)))\jAl]ocj,^' ((0f^)-i (A(0, t(p', C<5,)) x A(0,C<5,))) 

are uniformly bounded. Therefore, B]jj{z^ , R) as a set cannot cluster at the point at infinity on dDrx,- 

It remains to show that Bjjj (z^ , R) do not cluster on the finite part of dD. Suppose there exists a 
sequence of points q-' G Bjjj {z^ , R) such that q' a& j ^ 00 for some q^ a finite boundary point 

of l?oo- Then proposition 4.1 of 9 shows that there exists a neighbourhood V of q° in C'^ and a uniform 
positive constant C such that for all z € H and f a tangent vector at z. 



(5.12) 



F^,{z,v)>C- 



d{z,dDiy/^"^ 

for all j large. Choose a neighbourhood V of which is compactly contained in D and disjoint from V. 
We may assume that {z^} C for all j large. Let 7-' be a arbitrary piecewise curve in joining 
and z^ . As we travel along 7-', there is a first point a-' on the curve with g dV n D-' . Let tr-' be 
the subcurve of 7-' with end-points q^ and a-' . Then is contained in an e - neighbourhood of dD^ for 
e > small and for all j large. Using (|5.12p we get after integration, 



7K, 



^\t),^\t))dt> / F^,{a^{t),a={t))dt>C 



\a'{t)\ 



d{a3{t),dDiY/^''- 



> 



cll2r. 



Taking infimum over all admissible curve 7-' yields 

rfD.(g-'',^^)>e"'/""- 

which violates the fact that qi £ Bjjj {z^ , R) for e small enough. This completes the proof of the lemma. 

□ 
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Lemma 5.7. 

lim dDj{z\-) =dD^{z",-). 
Moreover, the convergence is uniform on compact sets of . 

Proof. Let K he a compact subdomain of Doc and suppose that the desired convergence does not occur. 
Then there exists a. eq > and a sequence of points {q^} C K which is relatively compact in for all j 
large such that 

By passing to a subsequence, we may assume that ^ q*^ K as j ^ oo. Then using the continuity of 
dn^ (z", •) we have 

\dD,{z\qn-dD^{z°,q")\>eo/2 
for all j large. Fix e > arbitrarily small. It is easy to see that 

(5.13) dD,iz°,q°)<dD^iz°,q") + €/2 

for all j large. Let B{z^ , 5i) and B{q°, S2) be sufficiently small neighbourhoods of and respectively 
which are compactly contained in for all large j. It now follows that 

dD:{zJ,q') < dD,{zJ,zy) + dD:{z°,q")+dD.{q'',q') 

< dB(zO,s,){z^ ,Z°)+dD,{7y,q^)+dBiqO,S^){q°,q^) 

(5.14) < dD^{z\q'>) + e. 

for all j large. The second inequality uses the distance decreasing property of the Kobayashi metric. The 
third inequality follows from (|5.13p and the following observation: since z^ z'^ and the domains 
converge to Doc, it follows that the ball B{z'~',6i) contains z^ for large j and is contained in D^ for all 
large j. Thus 

dw{z',z^) < ds(.0A)(^^^°) < \z' - z% 
The same argument works for showing that d^ij ((7°, q^) is small. Hence 

(5.15) dD.iz^,q')<dD^iz'',q°) + e 

for all j large. For the converse, we intend to use lemma EH First recall from (|5.5p that for each e > 

BDAz'',R-e)cBn.iz\R) 

for all > and for all j large. The Kobayashi completeness of Doo implies that 

00 

Doc=[J Bd^{z°,i^), 

i.e.. Doc can be exhausted by an increasing union of relatively compact domains -B_d^ (z", v). As a result, 
there exist uniform positive constants and R depending only on K such that 

K (zBd^{z'',u'')(zBd,{z\R) 

for all i large. By lemma 15.61 

do^ {z^,q')< ds^, (zj ,_R') {z^ , q' ) 

where i?' > is chosen such that R' ^ 2R. Now, apply lemma to the domain D^ . Let the Kobayashi 
metric ball Buj{z^ ,R') play the role of the subdomain D' . Then 

, I J ,A ^ dDj{z^,q^) 

dB,,i..,m{^ ,g ) < tanh{R'/2-dB,iz^,q^))- 

Since q^ G B]jj {z^ , R) for all j large and tanh is increasing on [0, 00), it follows that 

, / ,A ^ dDj{z\q^) 

dD^{z\q^) < J r 

tanh (R'/2 - R 

Letting R' ^ 00 yields 

, . , ,N ^ dD,{z3,q^) 
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for all j large. Again exploiting the continuity of djj^ (•, •) and (|5.14p . we see that 
(5.16) dD^iz°,q°) <dDj{z3,q^) + C€ 

for all j large. Combining the estimates (I5.15P and ()5.16|) . we get 

lim dD,{z\q')=dD^{z'',q''). 

i— ►oo 

This is a contradiction and hence the result follows. □ 

The following is an immediate corollary of the above result. 
Corollary 5.8. 

lim dDAz",-)=dD^{z'',-)- 
Moreover, the convergence is uniform on compact sets of Doo ■ 
Proof. For all w in a fixed compact set K of Doo, we have 

w) - w)| < w) - dj:i3{z\w)\ + \do]{z\w) - dD^{z^,w)\ 

It follows from lemma [5771 that 

\dDi{z^ iw) - dB^{z°,w) \ 
uniformly for all w € if as j — s- oo. Now, let B{z^ , 5) be a sufficiently small neighbourhood of z*^. Then 
the triangle inequality gives us that 

\dDi{z°,w) - dDj{z\w)\ < dDi{z°,z^) < dB{zO,s){z°,z^) 
as j CX3. This finishes the proof. □ 



We record the following consequence of corollary 15.81 The proof is exactly as that of lemma 14.41 and is 
hence omitted. 

Lemma 5.9. For all R > 0, the sequence of domains {S^jj (z*^, i?)} converges in the Hausdorjf metric 
to Bjj^ {z^, R). Moreover, for any e > and for all j large 

. BD^iz^,R)cBo.iz°,R + e), 

• Bo^z^'^R-e) C BdAz\R)- 

Proof of Theorem 1 5. lY ii ): Since h is invariant under biholomorphisms, 

hD{p')^hDAz") 

for all j. Hence, it suffices to show that 

lim 

Fix e > arbitrarily small and let i? > be such that 

ho (z°) > --€. 

There exists a biholomorphic imbedding F : H'^ Doc such that F{0) — 2" and B^^ {z^ , R) C i^(B^). 
There exists a 5 > such that — (5)B^) D B^^ R~e). Since — (5)B^) is compactly contained 
in Doc, F{^{\ — ^)B^) C D^ for all j large. It follows from lemma [Ql that 

Bd,{z\R-2€) C Bi3^(z",i?-e) 

for all j large. As a consequence, 

Bd, {z°, R-2e)(Z - (5)B2) c D^ 

or equivalently 

/i^.(z")< ^ 



R-2e 

for all j large. This implies that 

(5.17) limsup/i£„ (2") < /iD^(z"). 
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Conversely, there exist a sequence of biholomorphic imbeddings : — > and positive numbers Rj 
such that F^iO) = z°,Bd,{z°,Rj) C ^^(B^) and 

(5.18) hD.{z")>^-e. 

The sequence {F^} admits a subsequence that converges uniformly on compact sets of B^ to a holomorphic 
mapping F : B^ —> Doc- Indeed, consider the mappings 

(Aj^, ocp'^'y^F^ : B^ -> D 

Observe that 

(A^^. o o F^{0) = p> ^ / as j "> c» 

and 

(Aj^.o0C^)-^i^^^(O)eQ(C^Ci6,) 

for some constant Ci > 1. For r g (0,1) fixed, it follows from [4 that there exists a positive constant 
C2 — C2 (r) such that 

(A^', o /^)-^ o F^"(B2(0,r)) C Q(C^ CiCse,) 



which exactly means that 

F^ (B^(0, r)) c A (0, ^^7^1^) X A (o, ^i^) C A(0, Vc^C,) x A(0, CiC.). 

This shows that the sequence {F^} is a normal family. Hence, {F^} admits a subsequence that converges 

uniformly on compact sets of B^ to a holomorphic mapping F : B^ or = 00. The latter is not 

possible since F(0) = lim F^(0) = z°. As before, we can infer that F : B^ ^ Doo. Note that 
i— >oo 

4- < f^D^ (z°) + e<hD^ (z°) < 00 

for all j large. Hence, we may assume that the sequence {Rj} converges to some Rq > 0. It follows that 

(5.19) Bd,{z°,Ro - e) C Bd,{z°,Rj) C ^^(B^) 
for all j large. Also, lemma [531 implies that 

(5.20) Bd^ (z°, Ro - 2e) C Bd. {z\ Ro - e) 
for all j large. Combining (|5.19[) and (|5.20p . we get 

Bd^{z\Ro-2€)(1F{B'). 
Therefore, F is non-constant. It follows from Hurwitz's theorem that F is injective on B^ and hence 

hD^{z°) < l/(i?o-2e) 

which together with (|5.18p implies that 

(5.21) hD^{z°) <\imM ho, {z") 
It follows from fCTfl) and ((OT|) that 

as j ^ 00. This completes the proof of theorem 15. II □ 



26 



PRACHI MITTAL AND KAUSHAL VERMA 



6. Behaviour of h near convex finite type boundary points 
The main result is as follows: 

Theorem 6.1. Let D C C" be a smoothly bounded convex domain of finite type. Let {q-'} be a sequence 
of points in D converging to q*^ G dD. Then 

hD{q')^hD^ii'0,-l)) 

as j oo where D^c is a biholomorph of the limiting domain Dq obtained by scaling D with respect to 
the sequence {q-'}- 

As in section 5, there are two cases to be considered, i.e., after passing to a subsequence if needed, 

(i) hm = 0, or 

(ii) lim hoip'') > c for some positive constant c. 

Here too the domain Doo will be biholomorphic to B" in case (i) while this will not be the case in (ii). 

In order to be able to prove the above result, we need to introduce the following special coordinates 
constructed for convex finite type domains in [57] (see [551 also). 

Let D C C" be as stated above. Assume that q''^ — without loss of generality. Let D = {p{z, z) < 0} 
where p is a smooth defining function for dD which has the form 

p{z, z) = ^Zn + 1p(z, 3z„) 

near the origin with i]j a smooth convex function (i.e., the real Hessian of ^ is positive semi-definite). We 
may assume that p has the property that all the sets {z : p{z) < 77} are convex for some rj in some range 
—770 < V < Vo,Vo > 0. For q £ D sufficiently close to dD, let 

Dg,e = {z : piz) < piq) + e}. 

Working with sufficiently small e > 0, there is a unique point p^ ,: £ dDq^^ where the distance of q to dDg^f^ 
is achieved. Denote the complex line containing q and p^ ^ by L„ and let Tn{q,e) = |(? — Pq^j. Consider 
(Ln)'^ the orthogonal complement of the complex line _L„ in C". Since dD is of finite type, the distance 
from q to dDq^ along each complex line in (i,i)^ is uniformly bounded. Let t„_i((7, e) be the largest 
such distance and Pg7^ G ^^q,<^ be any point such that |g — — '''n-i{qif-)- Denote the complex line 
containing q and p^~l^ by L^-i- Now consider the orthogonal complement of the C-subspace spanned 
by Ln and Ln^i and find the largest distance from q to dDq_^ therein. There exists Pg7^ S ^Dq ,: where 
this distance is achieved. Let t„_2(9, e) = \q ^ Pq^^\ and L„_2 denote the complex line containing q 
and Repeating this process, we get orthogonal lines Ln,Ln-i, . . . , Li. Let T''"^ be the translation 

sending q to the origin and U"^'"^ be a unitary mapping of C" sending Li to the z^-axis and Pq^ — qtoa 
point on the '3izi-axis. Note that 

U'^'' oT'^-^{q) = 
and f/''''or«.^(py = (0,...,r,(g,e),...,0) 
for all 1 < i < 71. Denote the new coordinates by 

{zr,...,zr)^u^-''oT''-'^{z^,...,zn) 

and the corresponding defining function is given by 

Moreover, McNeal defined the polydiscs P{q, e) in the new coordinates {zf'^, . . . , z'^'^) centered at q as 

(6.1) P{q, e) = {{zr, zr) : k?1 < Mq, e), . . . , \zr\ < T^{q, e)} . 

Although we may not write explicitly all the time, the reader must be aware of the dependence of all the 
coordinates, points and numbers on q and e. Having recalled certain basic facts about the local geometry 
of convex domains of finite type, we briefly describe the scaling of the domain. 

Scaling the domain D: 
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Let {q^} be a sequence of points in D accumulating at — ('0,0) E dD. Set €j ~ —p{q'). The 
positive numbers Ti{q^ , ej), . . . , T^iq-' , ej) and p^'-' , . . . ,p"'-' are those associated with q^ and ej. Define 
the dilations 

K'^i^) = {riiq^,ej)zi,...,Tn{q\ej)zn) 



and the dilated domains — y^'q'jj ° W^' •'^^ o T"^^ •'^^ {D) are defined by 

Note that is convex and ('0, 0) G for all j. Among other things, the following two claims were 
proved in [15]. First, that converges to 

n 

Do - {i'z, zn) e C" : p{z) = -1 + 3fi( ^ huzu) + < O} 

fc=i 

where hk are complex numbers and P is a real convex polynomial of degree less than or equal to 2m. 
Secondly, for all large j, and hence Dq are contained in the intersection of half spaces HiriH2ri. . .r\Hn, 
where 



and for k < 



where 



i—k-{-l 



e'=(A'^.) \p''i) and ^(eM e R \ {0} for aU 1 < i < n. 

As a consequence, there exists a rational biholomorphism from Dp to a bounded domain contained in the 
polydisc (the Cayley transformation in each variable). In particular, Dq is hyperbolic. Therefore, Dq is 
Brody hyperbolic, i.e., Dq contains no nontrivial complex afhne line. Then there is no complex line in 
ODq and according to theorem 1.1 of [27 , Dq is of finite type and P is nondegenerate. It follows that Dq 
is complete hyperbolic. 

Moreover, it follows from [27] that the constant 5„ is different from zero. Then by a C-affine change of 
coordinates, Dq is equivalent to the convex domain Deo = {('w, w„) G C" : 2^Wn + P{'w) < O}. As a 
result. 

In the particular case when the sequence {q^} converges normally to the point q'^ . We denote the multitype 
of dD at the origin by A4{dD, 0) = (mi, . . . , m„__i, 1); the points q^ will be ('0, — e„) in the coordinates 
defined by Yu in [40j . Thus we may assume that for all j, T(q^ , ej) = ej and the function p is defined in 
a fixed neighbourhood of the origin by 

p('z,z„) = 2^Zn + Po{!z) + R{z) 

where Pq is a nondegenerate weighted homogeneous polynomial of degree 1 with respect to the weights 
Ai{dD,0) and R denotes terms of degree at least two. In this case, it turns out that Pi^z) = Po('-z) so 
that the limiting domain Doo is a biholoniorph of the domain 

{('z,z„)eC":25Rz„ + Po('z)<0}. 



Now, arguments similar to those in lemma [5T21 using the fact that the domains D^ are all contained in 
Hi n n ... n ff„ for large j, shows that 

Lemma 6.2. For {a,v) e Dq x C", 

lim Fj^,ia,v)^Fl^^ia,v). 
Moreover, the convergence is uniform on compact sets of Dq x C". 
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Stability of the Kobayashi distance: 

The goal now will be to recover the behaviour of the distance function related to the Kobayashi metric. 
To do this, we use ideas from [36]. A key ingredient will be Lempert's theorem (see [26]) on the existence 
of complex geodesies in strictly convex domains. Write ('0, 0) = for brevity. 

Lemma 6.3. 

lim dD.{z'',-) = dDo{z°,-)- 
Moreover, the convergence is uniform on compact sets of Dq . 

Proof. Let K C Dq be compact and suppose that the desired convergence does not occur. Then there 
exists a eo > smd a sequence of points {p' } d K which is relatively compact in for j large such that 

IdoAz",?^) - dD„{z",p')\ > eo 

for all j large. By passing to a subsequence, we may assume that ^ p'^ £ K as j ~> oo. Since (^°, •) 
is continuous, it follows that 

(6.2) |dc.(z°,P^)-dA,(^°,P°)| >eo/2 

for all j large. Fix e > and let 7 : [0, 1] Dq be a path such that 7(0) = z'^, 7(1) = p'^ and 



FE^{jit),^t))dt<dDoiz",p") + e/2. 

JO 

Define 7^' : [0, 1] ^ C" by 

^^{t)=^{t) + {p^ -p'')t. 

Since the image 7([0, 1]) is compactly contained in Dq and p^ p^ £ K as j ^ 00, it follows that 
7^ : [0, 1] for j large. In addition, 7^ (0) = 7(0) = z" and 7^ (1) = j{l)+p> - p" = p> . 

Note that 7^ ^ 7 and 7^ — s- 7 uniformly on [0, 1]. Further, it is already known from lemma Wl2\ that 
^Dii'^ ') ~* ^Do('' ') uniformly on compact sets of Dq x C" Therefore for j large, we obtain 
1 <.i 



FE,{^={t),f{t))dt< / FE,Mi)Mt))dt + e/2<dno{z\p'')+^ 
Jo 

By definition of djjj{z^ ,p^) it follows that 

dD.{z\p') < f' FE.{l'it),i'{t))dt < dno{zy,p") + e. 



Thus 

(6.3) \im sup dD.{z°,p>) < dD„{z°,p°). 

Conversely, it follows by Lempert's work that there exist rrij > 1 and holomorphic mappings 

(f^ : A(0,mj) -> 

such that 0^ (0) = z", (/)^ (1) = p^ and 

rfA(o,m,)(0,l) = dD.{z",]^)^ r F^,{c^{t),^{t))dt. 



Therefore, 



- log 

2 ^ 



"Y j = f^A(o,m,)(0, 1) = doj {z°,p>) 



However from (j6.3p we have that 

dDjiz",p^) < dDoiz°,p°) + e < 00 

and hence rrij > 1 + (5 for some uniform S > for all j large. Moreover, the domains are all 
contained in the intersection of the half planes. Hence the family |a(o,i+i5) ■ ^(Oj 1 + <5) ^ is 
normal. Consequently, the limit map (p ■ A(0, 1 + S) ^ Dq. Note that by construction 0(0) ~ z° and 
(f>{l) = p'^ ■ Using the maximum principle, we conclude that (j) : A(0, 1 + S) —^ Dq. 



SOME ASPECTS OF THE KOBAYASHI AND CARATHEODORY METRICS ON PSEUDOCONVEX DOMAINS 29 



Since (p^ — > (f) and 0^ — > (f) uniformly on [0, 1], again exploiting the uniform convergence of Fi^j{-, ■) 



F^^{-, •) on compact sets of Dq x C", we see that 



1 fi 



Jo 

for all j large. Finally, observe that 0|[o,i] is a differentiable path in Dq joining z'^ and p'^. Hence by 
definition 

(6.4) dD,{z",p°)< f F^X<t>{t)^4>{t))dt<dD,{z\p')+e 

Jo 

Combining (|6.3p and (|6.4p shows that 

lim dD.{z°y)^dDo{z°,p°) 

J—>OC 



which contradicts the assumption (j6.2p and proves the required result. □ 

Lemma 6.4. For all R > 0, the sequence of domains (z*^, i?)} converges in the Hausdorff metric 

to BDg{z^, R). Moreover, for any e > and for all j large 

• Bd„{z°,R) C BDj{z°,R + e), 

• BD,{z°,R-e) C Bd„{z°,R)- 

Proof. This follows by making the relevant changes in the proof of lemma 14.41 □ 



Proof of theorem \6.1l Using lemma l673l and [6^ an argument similar to the one employed in theorem l5.ll 
(ii) can be used to complete the proof of theorem 16. II □ 

7. Behaviour of k near the corners of a generic analytic polyhedron 

To investigate the behaviour of /ip(-, A") near a singular boundary point of an analytic poyhedron, we 
use the rescaling technique given in j^. 

Theorem 7.1. Let D C C" be a bounded domain. Let £ dD have a neighbourhood U such that 
U n dD = {z e : \f'{z)\ < 1, for all 1 < i < n} and \f'iz°)\ = I for all 1 < i < n where 
f € 0{U) for alll<i<n. Assume that df^A.-.Adf'^Oat z°. Then hoiz, A") -> as z -> z". 

Proof. Let {z'^} C I? be a sequence converging to z". It suffices to show that for any sequence /id(z'^) 
as ^ cx). An application of the implicit function theorem gives an open neighbourhood U of z" in C" 
and real numbers 6i,i — 1, . . . ,n satisfying the following properties: 

• F := (e'^i/-'^, . . . , e'®"/") ; U C" is a biholomorphic imbedding, 

• i^^(zO) = (1, . . . , 1) e C", 

• FiunD) = A''nF{U). 

Now, consider : A" — > H" = H x . . . x H defined by 

0(z) = ((/«l(z), . . . ,0„(z)) 

1 - Zl 1 - z„ ' 



1 + Zl 1 + z„ 

where H = {w S C : > 0}. Then <j> o F(z°) — (0, . . . , 0) and (p o F maps U biholomorphically onto 
H" n o F{U). For / = 1, . . . , n let 

=5R 0,of^(z'^), Ai'^ = 3 0z o F(z'=). 

Then 



(1) (") ' 



is an automorphism of H". Consider 

■.= 6-^ oA'' o6oF ■.Uf^D^ A". 
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Then A*"' are biholomorphic imbeddings oi U O D into A" . Observe that 

AHz') - o A'^iri'^ + .A«, . . . ,r(") + .Ai"') = (0, . . . ,0). 

Additionally, {A'^{U H D)} is a sequence of subdomains of A" that exhausts A". Indeed, let L be a 
compact subdomain of A". Exploiting the continuity of the mapping (f) o F, we see that o F{z^) — > 
as fc — ^ cxD. In other words, 

(r«+.A«,---,-f^+4"^)-(0,...,0) 

as fc ^ oo. This gives that for each / = 1, 2, . . . , n, both r'jp — > and A^'"* as fc — > oo. As a result, 
^^fc-j-i j-^g^pg onto a neighbourhood W <Z 4)o F{U n D) of (0, . . . , 0) in H" for sufhciently large k. 
This is just the assertion that L is compactly contained in A^{U n D) for all k large. This finishes the 
proof of the claim. Now, fix i? > and let 9 : A" Ba" (0, R) be a biholomorphism. For e > given, 
there exists a (5 G (0, 1) such that 

(7.1) BA"(0,i?-e) C 0(A"(O,5)) C BA"(0,i?). 
Using lemma 2.3 in [T3], we get that 

BA"(0,i?)cBA.(c;ni?)(0,i? + e) 

for all k large. Consequently, 

(7.2) 0(A"(0, 5)) c BAMc/nD)(0, R + e)c A\U n D) 
for all k large. It is already known that K^{U O D) C A", therefore 

(7.3) i?A.(c;nD)(0,r)cBA"(0,r) 



for all r > and all k. From (|7.ip . (|7.2p and (|7.3p . we conclude that there exists a biholomorphic 
imbedding 6* : A"(0, 6) -> A'''(t^ ^ D) such that 

SAMc/nD)(0,i?-e)ce(A"(0,<5)) 

so that 

V(c/ni3)(0,A")<(i?-e)-i. 
Since R> was arbitrary, we have lim /i^fc^^p/^-j (0, A^*") 0. In addition, 

k—>-oo 

V(t/ni3)(0, A") = V(c/nD)(A^z'^), A") - hunD{z\A"). 

It follows that 

/ic;ni3(^',A")->0 
as fc ^ cxD. Since h can be localised near by proposition 13.61 we have 

/iz3(z^A")^0 

as fc — > oo. □ 



8. Applications 

In this section we collect several consequences of the results presented in the prequel. To begin with, 
we present an alternate proof of the following theorem of Wong-Rosay ([39], [32]) using theorem [4T] and 
characterise A" in the class of generic analytic polyhedra. It must be mentioned that this is motivated 
by the main theorem of Kim and Pagano from |24j and in fact provides an alternate proof of their result 
in case the orbit accumulates at a singular boundary point. The question of recovering their full theorem 
using Fridman's invariant seems interesting. 

Theorem 8.1. Let D C C" be a bounded domain. Let G dD have a neighbourhood U such that U (IdD 
is -smooth strongly pseudoconvex . If z^ is an orbit accumulation point for the action of Aut{D) on 
D, then D is biholomorphically equivalent to B". 
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Proof. By hypothesis, there exists a sequence {F'^} C Aut(D) and £ D such that F^{p^) ^ dD 

as fc — > oo. Then using theorem 14. 1[ we have 

as fc — > oo. Since 

hD{F\p^)) = hp.^o){F\p^)) = huip') 

for aU fc, it follows that hoip^) — 0. Applying proposition 13.31 we conclude that D is biholomorphic to 
B". □ 

Theorem 8.2. Let D C C" be a bounded domain. Let e dD have a neighbourhood U such that 
U C^ dD = {z C"| \r{z)\ < 1 for all I < i < n} and \r{z°)\ = 1 for all 1 < i < n where G 
0{U) for all 1 < i < n. Assume that df^ A ... A df " ^ Q at z^ . If is an orbit accumulation point for 
the action of Aut{D) on D, then D is biholomorphically equivalent to A". 

Proof. By hypothesis, there exists a sequence {F''} C Aut(-D) and p^ E D such that F'^{p'^) z'^ E dD 
as fc ^ CX3. It follows from theorem 17. II that 

/i,,(F'=(/),A") ->0 

as fc ^ oo. Since 

/^z?(F^-(/),A") =/i;..(^)(F'=(/),A") =/^,,(/,A") 

for all k, we infer that hD{p^ , — 0. Applying proposition 13. 3| we conclude that D is biholomorphic 
to A". □ 



As a consequence of theorem 15.11 it is also possible to recover parts of the main theorem of [10] , the 
emphasis here being a different approach - wherein there is no need apriori to establish the boundary 
distance estimate. 

Theorem 8.3. A strongly pseudoconvex domain with -smooth boundary cannot be mapped biholomor- 
phically onto a smoothly bounded weakly pseudoconvex domain of finite type in C^. 

Proof. Suppose there exists a biholomorphism / from a strongly pseudoconvex domain Di onto a weakly 
pseudoconvex domain D2 of finite type in C^. Let G dD2 be a weakly pseudoconvex boundary point. 
Then there exists a local coordinate system in a neighbourhood of (?° taking to the origin such that 
the domain D2 near origin can be written as 

{{zi,Z2) e : 2nz2 + H2m{zi,zi) + o(|z|2™ + Sza) < 0} 

where H2rn is a homogeneous subharmonic polynomial of degree 2m > 2 in zi and zi which does not 
contain any harmonic terms. Let {q-'} be a sequence of points in D2 converging to q*^ normally, i.e., 

q^ =q'' -d{q^,dD2)n{q") 

where n{q'^) denotes the unit outward normal to dD2 at q". Choose points {p'} C Di such that f{p^) — q-' . 
Then for any x € Di, we have 

dDt{x,p>) = dD^{f{x),q^). 

The above observation together with the completeness of Di and D2 implies that the sequence {p^ } must 
cluster on dDi. Hence, we may assume that the sequence {pP} converges to € dDi. It follows from 
the biholomorphic invariance of the function h that 

Applying theorem 14.11 and theorem 15.11 we get after letting j — > 00 that 
(8.1) /^i?2,oo((0,-l)) = 0. 

Here D2 00 is the limiting domain obtained by scaling D2 with respect to the base point cp and the 
sequence {q^}. More concretely, 

D2,oo - {(^1,22) e C2 : 25Rz2 + i/2m (21,^1) < 0}. 

Now, using proposition 13. 3[ we infer from (|8.ip that 152,00 is biholomorphically equivalent to B^. Let / 
denote the biholomorphism from the domain -D2.00 to B^. Then for any point (0, ia^),a^ G R and any 
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sequence of points {z^} C I?2,oo converging to (0, La) e 9£'2,ooi the corresponding image sequence {f{z-')} 
clusters at some point of 9B^. Composing with an appropriate Cayley transform, we may assume that 
there exists a biholomorphism F from D2.00 onto the unbounded realization of the unit ball, namely to 

S = {z e C2 : 25Rz2 + |zi|2 < 0} 

with the property that the cluster set of F at the point (0, loP) G 9I?2,oo contains a boundary point of 
S different from the point at infinity on 9S. Then it follows from theorem 2.1 of ^ that F extends 
holomorphically to a neighbourhood of (0, ia"). Since D2.0C is invariant under translations in the imagi- 
nary Z2- direction, we can assume that (0, ta^) = (0, 0). This shows that F extends holomorphically to a 
neighbourhood of the origin. In addition, by composing with an automorphism of S, if necessary we may 
assume that F takes the origin to the origin. Now, we intend to use the arguments from [lOj to show 
that H2m{zi, zi) = I Zip. Since F extends holomorphically near the origin, we can write 

(8.2) ^F2{z)) + = h{z){^Z2 + H2rn{zi,Zi)) 

in a neighbourhood of the origin where h is a real analytic function near the origin and h{0, 0) 7^ 0. Now 
let 

where s > 1. Also, F2{z) = f]z2 + o{\z\) where /3 e R \ {0}. Indeed, applying Hopf's lemma to the 
function 3fiF2, we see that d{^F2) / 8x2(0) > where X2 — 3fJz2- Furthermore, since F : (dD2,oo, (0,0)) — > 
(9E, (0, 0)) and F extends holomorphically near the origin, it takes the complex normal to 9-D2,oo at the 
origin to the complex normal to 9S] at the origin. In particular, dF2/dzi = 0. Now, setting Z2 = in 
(fOjl yields 

3fJ(o(|zi|)) +o(|zi|2^) = hiz,,0)H2,nizi,zi). 

Since H2m does not contain any harmonic terms, we have 

bXlzil'"' + o(|ziP^) = h{0,0)H2U^i,z,). 

Since the polynomial i?2m is homogeneous of degree 2m, we conclude that 2m — 2s and H2m{zi, zi) = 
\zi\^"\ It follows that B2 ~ £(2,00 ^ {(^1,22) e C2 : 2^Z2 + < O} ~ D = {(^1,22) e : 

I -Zip™ + I22P < 1}. Let G : ^ £) be the biholomorphism which in addition may be assumed to 
presume the origin. Since B^ and D are both circular domains, it follows that G is linear. This forces 
that 2m — 2 and hence H2m{zi, Zi) = |zip. 

But this exactly means that there exists a local coordinate system in a neighbourhood of q'^ which takes 
the point q*^ to the origin and the domain D2 near the origin can be written as 

{(zi, Z2) e C2 : 25Rz2 + jzip + o{\zi\^ + 3z2) < O} 

This contradicts the fact that q° — (0,0) is a weakly pseudoconvex point and proves the theorem. □ 

The local version of the preceding theorem can also be recovered similarly: 

Theorem 8.4. Let Di and D2 be two domains in C^. Assume that dDi is C'^ -smooth strongly pseudo- 
convex in a neighbourhood of a point G dDi. Suppose that dD2 is C°° -smooth weakly pseudoconvex of 
finite type in a neighbourhood of a point G dD2 ■ Then there cannot be a biholomorphism f from Di 
onto D2 with the property that q^ belongs to the cluster set of f at p'^ . 

If such a biholomorphism / exists, the first step in proving the above result is to establish that / extends 
to continuous mapping on a neighbourhood of p^ in Di. This requires the fact that / decreases the 
distance to the boundary, which is a consequence of well known estimates for the Kobayashi metric. 
This is the content of proposition 2.1 of [lOj . Scaling the domain D2 with respect a sequence converging 
normally to q^ and proceeding as in the proof of theorem 18. 3( we obtain that D2 near the q^ = (0, 0) is 
given by 

{(zi,Z2) e : 23fiz2 + |zi|2 + o(|zi|2+5z2) < O} 
which leads to a contradiction. 

Using similar ideas, the following theorem of Coupet-Gaussier-Sukhov (f7j) can also be recovered: 
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Theorem 8.5. A strongly pseudoconvex domain with -smooth boundary cannot be mapped biholo- 
morphically onto a smoothly bounded convex (but not strongly pseudoconvex) domain of finite type in 
C"(n > 1). 

Proof. Suppose there exists a biholomorphism / from a C^-smooth strongly pseudoconvex domain Di 
onto a smoothly bounded convex but not strongly pseudoconvex domain D2 of finite type in C". Let 
(7° € dD2. By [10] there exists a local coordinate system in a neighbourhood of taking to the origin 
such that the domain D2 near origin can be written as 

{('z, z„) e C" : 25Rz„ + FqC^) + R{z) < 0} 

where Pq is a nondegenerate weighted homogeneous polynomial of degree 1 with respect to the weights 
M{dD, 0) and R denotes terms of degree at least two. Scaling the domain D2 with respect to a sequence 
converging normally to the point q^ as in the proof of theorem l8.3[ we infer that I?2,oo is biholomorphically 
equivalent to B". Here I?2,oo denotes the limiting domain obtained by scaling D2: 

D2,oo = {('^, zn) e C" : 23fiz„ + Po{'z) < 0}. 

Then as before, we may assume that for any point (0, io"), a" S R there exists a biholomorphism F from 
D2.00 onto the unbounded realization of the unit ball, namely to 

S {z e C" : 25Rz„ + \'zf < 0} 

with the property that the cluster set of F at the point ('0, (.a°) € c'£'2,oo contains a point (° G dT, where 
is different from the point at infinity on 9E. Applying theorem 2.1 of [8], we get that F extends 
holomorphically to a neighbourhood U of ('0, ta°). We now claim that F extends biholomorphically near 
('0, ta°). To see this, denote by I = {('0, La) G C" : a G R} C 9-D2.oo- Assume on the contrary that the 
Jacobian of F vanishes identically on U Hi. In that case the Jacobian of F vanishes on the entire z„ - 
axis which intersects the domain. This violates the fact that F is injective on 1)2,00 • This contradiction 
completes the proof of the claim. Now, pick ('0, id) G U Hi such that the Jacobian of F does not vanish 
at ('0,ta). Consequently, F extends biholomorphically past ('0,6a) £ 9-D2,oo- Since 1)2,00 is invariant 
under translations in the imaginary z„- direction, we can assume that ('0, ta) = ('0,0). This shows 
that F extends biholomorphically to a neighbourhood of the origin. In addition, by composing with an 
automorphism of E, if necessary we may assume that F maps the origin to the origin. Since the Levi-form 
is preserved under local biholomorphisms around a boundary point, this forces that ('0, 0) £ 9D2,oo be 
strongly pseudoconvex. This contradiction proves the theorem. □ 

A local version of this theorem also holds: 

Theorem 8.6. Let Di and D2 be domains in C". Assume that dDi is C"^ -smooth strongly pseudoconvex 
in a neighbourhood of a point p'^ G dDi and that dD2 is C°° -smooth convex (but not strongly pseudocon- 
vex) of finite type in a neighbourhood of a point q^ € 9-02- Then there cannot be a biholomorphism f 
from Di onto D2 with the property that q^ belongs to the cluster set of f at p^ . 

Suppose that such a / exists. Then proposition 2.1 of [10] implies that / extends continuously near p^ . 
Now, scaling the domain D2 with respect to a sequence converging normally to q° and arguing as in the 
proof of theorem 18.51 we obtain that the domain D2 is strongly psequdoconvex near g", thereby leading 
to a contradiction. 

Next, we apply the invariance property of the function h to deduce the biholomorphic inequivalence of a 
bounded domain with smooth and piecewise smooth boundaries. 

A domain D C C" is said to have piecewise C-smooth boundary if there are real-valued functions 
Pi,i = 1, . . . , m, in a neighbourhood V of the closure of D satisfying the following conditions: 

m 

• dDc \J{zeV:p^{z)^0} 

1=1 

• For every subset {ii, . . . , ik} C {1, . . . , m} the form dpi^ A ... A dpi^ ^ on the intersection 

m 

f]{zeV:p,{z)^0} 

1=1 

The latter condition means that {z G V : Pi{z) = 0} is a C""-smooth hypersurface in general position. 
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Theorem 8.7. Let Di and D-i be two hounded domains in C^{n > 1), Di having strongly pseudoconvex 
boundary of class and D2 having piecewise -smooth, but not smooth boundary. Then Di and D2 
are biholomorphically inequivalent. 

Proof. Suppose there exists a biholomorphism / : Di — s- D2. Then the strong pseudoconvexity of 
Di imphes that D2 is pseudoconvex. Then from the resuhs of 30J there foUows the existence of a 
point e dD2 (for definiteness we shaU assume q'^ is the origin) and C^-smooth real-valued functions 
Pi,i — 1, . . . , k {2 < k < n) defined in some neighbourhood U of the origin such that: 

(i) ('0, 0) e ai?2 n {z e f7 : p,(z) = 0, i = 1, 2, . . . , fc} 

(ii) D2nU = {zeU : p^{z) < 0,i = 1,2, . . . ,k} 

(iii) dpi A... A dpk{z) ^ for z e [/, 

k k 

(iv) for some A> Q the function p ~ pi + A p\ is strictly plurisubharmonic in U and D2 nU CZ 

i=l i=l 

{zeU : p{z) < 0}. 

Scaling the domain D2 as in PT] with respect to a sequence converging to the point and using 
the Fridman's invariant as before, we infer that the limiting domain I?2,oo is biholomorphic to B". It 
turns out (for details see [3T]) that -D2.00 is biholomorphic to a product of balls B"i x . . . x B"'' where 
■QUj = £ C"^ : \z\ < 1} and k > 2. This shows that B" is biholomorphic to a product of balls which 
is a contradiction. Hence the result follows. □ 

In general, it is very difficult to provide an explicit expression for the Kobayashi distance between two 
points of a given domain, the most that can be done is to describe the Kobayashi distance in terms 
of Euclidean parameters such as the distance to the boundary. For instance, it is known that if D is 
a bounded strongly pseudoconvex domain with C^-smooth boundary, then for all R > 0, there exists 
positive constants Ci and Ci {i = 1, 2) depending only on R and D such that for each q 'm. D sufficiently 
close to dD 

P (q- ci d{q, dD),C2 d{q, dof^ C Boiq, r) C P (q; Ci d{q, dD),C2 d{q, dof^) 

where P{q; ri,r2) denotes the polydisc centered at q with radius ri in the complex normal direction and 
the radius r2 in each complex tangential direction. 

These estimates on the unit ball in C" can be obtained by direct computation using the explicit formula 
for the Kobayashi distance on B". For a strongly pseudoconvex domain D, one has to work with suitable 
ellipsoids tangent to dD to get these results. 

This approach will not work for weakly pseudoconvex domains of finite type in because of non- 
availability of a suitable model domain. Instead, we make use of the rescaling technique given in [S]. 

Proposition 8.8. Let D be a bounded weakly pseudoconvex domain of finite type in with C°° - smooth 
boundary. Then for all R > 0, there exist positive constants Ci and C2 depending only on R and D such 
that for each q in D sufficiently close to dD 

Q{q,Ci d{q,dD)) C BD{q,R) C Q{q,C2 d{q,dD)) 

where Q{q,r) denotes the Catlin's bidisc. 

Proof. Firstly, observe that for each q in D, we can always find constants Ci{q, R),i = 1,2 such that 

Q{q,Ci{q,R) d{q,dD)) C BD{q,R) C Q{q,C2{q,R) d{q,dD)) 

by virtue of the following fact: the Kobayashi ball Bi:,{q,R) and the pseudo-bidisc Q{q,d{q,dD)) are 
both open sets. The above proposition asserts that the constants can be chosen independent of q. 
To establish that Q{q,Ci d{q,dD)) C BD{q,R) for some uniform constant Ci, suppose that this is not 
true. Then there exists a sequence of points {(?■' } C D converging to some point q^ e dD and a sequence 
of positive real numbers Cj ^ as — ^ cxd such that 

Q(q^Q d{q\dD))<^BD{q\R). 
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Assume that (7° = (0,0) without loss of generahty. Let D = {p{z,z) < 0} where p is a smooth defining 
function for dD which has the form 

near the origin, with a homogeneous subharmonic polynomial of degree 2m > 2 in zi and zi which 
does not contain any harmonic terms. Pick points C"* € dD be closest to q' . To be more precise, 
C"* = + (0, ej), ej > 0. Choose points p' £ Q{q-' , Cj d{q^ ,dD)) such that dnip' ,q^) — R- We now scale 
the domain D with respect to the base point q'^ = (0,0) and the sequence {q-'}. Recall that 



o0«^ (g(g^Q d{q^,dD)) 
o o (09')-^ (A(o,r((7^Q d{q^,dD))^ x A(0,Cj d{q\dD)) 

m 

efUY,a'''w[)+d\C')w2 + l 



r{qi,C, diq^,dD)) 
w : \wi\ < - 



1=1 



^ Cjd{q^,dD)d°{q^ 



where 



a''^ ^{d\C')~d\q^)) T(C-'",e,)' 
Among other things, the following claims were proved in [5j. 
. T{q\C, d{q^,dD))<CjT{C\e,), 

• \d\q=)\<e={r{C=,ei)y\ 

• \dKC')\<^'{r{C^,^3))~\ 

• dO(C^) « 1 and d^{qi) « 1. 

Moreover, d{q^ , dD) « Cj. These estimates together with the explicit description of the set 

A^>^'^'(Q(<Z^Q d{q\dD))) 

show that the sequence o (ffi^p')^ is bounded. Since Cj 0, it follows that 

Aj^,o0C^(p^)^(O,-l) 

as J — > 00. The scaled maps A^^ o cj)'^' are biholomorphisms and hence Kobayashi isometrics from D onto 
the dilated domains D^ := {z e : po {cji'^'y^ o (A^'^)"\z) < O}. Therefore, 



which exactly means that 



do, (Aj^,o0f^(p^),Aj^.o0C^(g^) 
do. [Al]o^i\p^),{o,-l/d"{Cn 



R 



= R. 



Note that (O, —l/d^{(^)) — > (0, —1) as j — > 00. Applying lemma [5771 we get after letting j ^ 00 that 

dz3^((0,-l),(0,-l)) =i? 

where I? 00 is the limiting domain obtained by scaling D with respect to the base point q^ and the sequence 
{q^}. This contradiction proves one part of the desired estimate. 

We now show that B]j{q,R) C C2 d{q,dD)) for some constant C2 independent of q. Suppose this 
is not true. Then there exist a sequence of points {q-'} C D converging to some point G dD and a 
sequence of positive real numbers Cj ^ 00 as j — > 00 such that 

Q{q',Cj d{q^,dD))^BD{q\R). 

Assume that = (0, 0) without loss of generality. Choose e dD be closest to q^ and points in the 
complement of the closure of Q{q^ ,Cj d{q^,dD)) such that p' e B£i{q^ ,R). Then for €j,D^ and Doc, 
defined analogously, we have 

do. (a^^, o [pi), Al^, o (q^)) < R. 
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Said differently, 



ID' 



< R. 



Fix e > arbitrarily small and write (O, — l/fi"(C"')) = and (0,-1) — z'^ for brevity. It now follows 
that 

do, o (pJ), zO) < du. o (p^), z^) + du. (^^ z°) 

< i? + e 

for all i large, where the second inequality uses the following consequence of lemma [STfl 

lim doo (z\z°) = do z°) = 0. 

It now follows from lemma [5?^ that 



for all i sufficiently large. As a consequence, for all j large 

(8.3) do^ (aJ^. o {jP), zO) < i?^ + 2e 

On the other hand, 



(aJ^oc/,':^(p^))^ 



Since Cj —> oo as j —> oo, we conclude that 



as j ^ oo. Consequently, 



as J — > oo. This is not possible in view of 



Hence the result. 



□ 



It turns out that proceeding exactly as in the weakly pseudoconvex case using the scaling methods 
described in section 6 one can prove the following statement: 

Proposition 8.9. Let D be a smoothly bounded convex domain of finite type in C". Then for all R > 0, 
there exists positive constants Ci and C2 depending only on R and D such that for each q in D sufficiently 
close to dD 

P{q,Ci d{q,dD)) C BD{q,R) C d{q,dD)) 
where P{q,r) is as in i6.1]) . 

9. ISOMETRIES OF THE KOBAYASHI METRIC ON STRONGLY PSEUDOCONVEX DOMAINS 

Let D be a bounded strongly pseudoconvex domain in C" with a C^-smooth defining function p° defined 
on a neighbourhood U of the closure of D. Choose p'' G C^(f7;R) such that p'^ converges to p° in the 
C^-topology, i.e., 

n 

\\p''-p"\\cHU)=Y. ™P ^0 

j=l zeU,\a\<2 

as fc ^ 00. Setting D'' — {z £ U : p^{z) < O}, observe that there exist uniform positive constants Ci 
and C2 such that for every z in N^^dD), an e-neighbourhood of dD, 

Cid{z,dD) < d{z,dD^) < C2d{z,dD). 

where d{-, dD) is the Euclidean distance to the boundary. 

Proposition 9.1. Let D and D^ 's be as described above. Let q^ and q^ be two distinct boundary points 
of D. Then for a suitable uniform constant C and for all k large, 

do^ia, b) > -(1/2) logd(a, dD'') - (1/2) logd(&, dD'') - C 

whenever a,b G D,a is near q'^ and b is near q^ . 
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In case a, b are close to the same boundary point, the upper estimate due to Forstneric and Rosay also 
remains stable under small perturbations. 

Proposition 9.2. Let D and 's be as described above and let £ dD. Then there exists a neigh- 
bourhood V — V{q^) and a uniform constant C > such that 

doi' (a, b) < -(1/2) logd(a, dO'') + (1/2) log (d(a, dO'') + \a - b\) 

+ (1/2) log (d(6, dD'') + \a- b\) - (1/2) logd(6, dD'') + C 

for all a,b Cz V H D and for all k large. 



The proof of proposition lQ . 21 will be given after lemma [9781 and does not use any of the arguments presented 
till then. We proceed with the proof of proposition 19.11 first . This will need several steps. To begin with, 
we need to localise the Kobayashi metric. The following assertion about local peak functions will be 
useful. 

Lemma 9.3. There exist uniform positive constants Ci,C2 and r such that for every A'' g dD'', if 
C € B{A'',r) n dD'' then there exists a local peak function at C,Pq G 0{D\) n C{D'l) where D\ = 
B{A'',r) n D'' is a neighbourhood of A'' of uniform size with the property that 



Ci|i-PcWI < \z~C\<C2^\i^Pdz)\ 

for all z e D'[. 

Proof. Note that the local peak function at A'' e dD'' is given by 

Since p'' converges to in the C^-topology, the neighbourhoods D'[ can be chosen uniformly and the 
computations in [T3j remain valid. □ 

The following simple consequence of the Schwarz lemma on the unit disc will be needed: 

Lemma 9.4. For each A > there exists a positive constant C\ such that for every e > and every 
holomorphic disc : A — )■ A satisfying |1 — f;(0)| < e we have 

|1-5(C)I<A 

whenever |C| !i 1 ~ C\e. 

Using this it is possible to control the behaviour of analytic discs in D'l near A'^ . 

Lemma 9.5. Let D, D'' and D^ be as described before. For rj > 0, there exist uniform positive constants 
C and 5 such that for every holomorphic disc ft, : A — > satisfying d{h''{Q),dD'^) < S, 

\h''{z)-h''{0)\ <T] 

whenever |z| < 1 - Cd{h''{0),dD''). 

Proof. For every holomorphic mapping ft,'"' : A ^ D'l, choose points B'' on dD'' n dD^ closest to h''{0). 
It follows from lemma 19.31 there exist uniform positive constants Ci and C2 such that the local peak 
function at B'' satisfies 



1-P, 



(ft'=(0))| < |ft'=(0)-S'=|/Ci, \h''{z)^B''\<C2^\l-PB>,{hk{z))\ 



for all z £ A. Now, applying lemma [HH] to the holomorphic discs P^k o ft*-' : A ^ A for A = (77/2(72) 
yields 

\l~ PBk{h''{z))\ < A 
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whenever |z| < 1 - Cx/Ci\h''{0) - B''\. Thus, for all such z 

\h''{z)-h''{0)\ < \h''{z)-B''\ + \B'' -h''{0)\ 

< C2^J\1-Pb^ {h''{z))\ + |/^'=(0) - 5^=1 

< C2^^X+\h^{Q)- B''\<ri 

provided |/i*''(0) — B''\ < ri/2 for all k. Choosing 6 = ri/2 and C = Cx/Ci, we get the required result. □ 

Lemma 9.6. For each fixed boundary point of , there exists a uniform positive constant C and a 
neighbourhood of of uniform size which is compactly contained in D'l such that 

F^,{z,X)> {l-Cd{z,dD''))F^,iz,X) 
for every z in and X a tangent vector at z. 

Proof. Since D is bounded, we may assume that the diameter of is at most one for all k. Fix 
A^ e dD^. Choose d € (0, 1) and a neighbourhood Z?| of A^ of uniform size which is relatively compact 
in D\ such that 

B{z,d)nD^ C D'l 

whenever z £ D^- Given e > sufficiently small, let a'' ~ ck'"'(e) be the largest number in [0, 1] such that 
\h''{z)-h''{0)\ < d whenever h'' : A D'' is a holomorphic mapping with h''{0) G D2, rf(ft.'^(0), dD'') < e 
and \z\ < a''. Observe that the Schwarz lemma implies that d < a''. Further, note that /i'^ (A(0, a*^)) C 
B{h^{Q),d)C]D^ and B{h^{Q),d)C]D^ C D\ for aU fc. Now, applying lemma[93]to the mapping /i''|A(o,afc) 
yields uniform positive constants C and 5 such that if d{h'^{0)^dD'^) < S then |/i''(z) — ft.'^(0)| < d/2 
whenever \z\ < a''{l — Cd{h'^{0),dD'^)). In particular, 

\h''{z) - h''{0)\ < d/2 

for \z\ <a^ - Ce. Let 

d'^ = sup { 1/1*^(2) (0)1 : \z\ = £ O (A(0, a''); D^) , /i'=(0) G Z?^ and d{h^{{)),dD^) < S}. 

Observe that c?'° < d for all fc. Furthermore, by Hadamard's three circle lemma, the function 

log sup - h''{0)\ 

\z\=r 

is a convex function of logr. Therefore, 

log d/2 ^ logd*^ ^ logd 
log(a'= - Ce) ~ loga'= ~ loga*^ 

which implies that 

log(a'' - Ce) 
log d/2 

Since 

lim (1/e) log (1 - Ce/a^) = -C/a'' > -C/d, 

it follows that 

Iloga'^'l < 2(71 log d|e/(dlog2). 

This shows that for all k 

a'' > 1-2(71 log d|e/(d log 2). 

Set C — 2C\ logd|/((ilog2) and ~ B{A^,5)nD2. To summarise, we have proved the following: There 
exists a uniform positive constant C and uniform neighbourhoods compactly contained in Z?^ such 
that for every holomorphic mapping : A satisfying h^{Q) G D^, 

h^{A{0,l-Ce)) C D'l. 

The required result then follows from the definition of the infinitesimal Kobayashi metric. □ 



loga'^ 



logd 



< 
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Lemma 9.7. Let D.D'^^D\ and be as described before. For each A'^ E dD'' , there exist neighbour- 
hoods D\ compactly contained in such that for a suitable uniform constant C > 0, 

dD^^{z,D^\D'D > -{\/2)\ogd{z,dD^)~C' 

for all z in D\ . 

Proof. Fix e dD^ . Choose a sufficiently small neighbourhood D\ of A^ of uniform size, D\ compactly 
contained in Dg such that for each point z G D\ n , the point A^- G dD\ n dD^ closest to z satisfies 

lim \A^~z'\>5q>0 

z'i^D>=\D^ 

where can be chosen to be independent of the point z and the index k. This is possible since and D\ 
are of uniform size. Pick z S D\ and G \ D^. Let be any arbitrary piecewise C^-smooth curve 
in joining and z. As we travel along cr'^ there is a ffi-st point z^ on the curve with z^ G n I?*^. 
Let 7'^ be the subcurve of joining z^ and z. Choose points i?*^ G dD^ n dD^ closest to the point z. It 
is already known that the local peak function Pgk at is holomorphic on D^. Hence, 

\\t) ^ Ps.{l\t)) 

is well-defined. Set £,^{t) — |A*^(i)|. The explicit expression for Pgk shows that it has no zeroes inside 
D'l. Hence, ^'^ is C^-smooth. It follows from lemma l9^ that 

FE.{l\t),^\t))dt> (\l-Cd{^\t),dD'^))F^k{^\t),^\t))dt 
Jo 

Since holomorphic maps decrease the Kobayashi metric, we have 

' {l~Cd{j'^{t),dD'^))F^k{^'^{t),^''{t))dt > Cd{-i\t),dD'')) F^{\\t),\\t))dt 



\l-Cdi,Ht),dD-)) Y^^^dt 
\l-Cd{^^(t),dD^)) Y^^dt 
> i\l~Cd{^^(t),dD^)) 



Also, by lemma [231 for every t £ [0, 1] 

l-Cd(7'=(t),5DM > 1-C\"f^{t) - 



CC2^l-\PB^{-1^{t))\ 



> 1 

= i-cc2^ji-e{t) 

Therefore, 

F^k{^\t),^\t))dt > J^' (1 ~ CC^^l eit)) dt 

-(l/2)log(l-^^-(l)) + (l/2)log(l-e'=(0)) + (CC2/2) / -= 

Jo 

Observe that 

l-e'(l) = l-|Ps'^(7'(l))l<l7'(l)-S'l/Ci-d(7'(l),5i?^-)M 
l-C'(O) - l-|Ps^(7'(0))|>|7^0)-S'=|'><So' 



> 



This implies that 



' F^ki^\t),^Hmt > ^iog(^ 



Ci \ 1 / 1 \ CC, dx 

- fog 



> -{l/2)\ogd{z,dD^)-C' 
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where 

dx 

C = (1/2) logCi + log(5o) + (CC2/2) 







X 



This shows that ^ 

/ F^,{a^{t),a^{t))dt> -{l/2)\ogd{z,dD^)~C'. 
Jo 

Taking the infimum over aU admissible curves, we get the required result. □ 

Proof of Provosition WJ\ For each fc > 1 choose points and on dD^ closest to a and h respectively. 
Each path in joining a and h must exit from neighbourhoods of and . Hence the result is 
immediate from lemma 19.71 □ 



Lemma 9.8. Let D and he as described before. There exists a uniform positive constant C such that 

where x E D is sufficiently close to dD and the points x^ e lie on the same normal to as x. 

Proof. This follows by integrating the infinitesimal metric along the straight line path in joining a; 
and x^ . □ 

Proof of Provosition 1 9. 2[ For each k, we denote by n''{q) the unit outward normal to dD^ at q G dD''. 
Fix C''" e dD'^ temporarily. Since p'' converges to in C^-topology, there exists a < i? <C 1 such that 

(i) \n''{q)~n''{C'')\ < 1/8 for q G ^D*^ n B(C•^ i?), 

(ii) z-6n''{q) e D'' and d{z-Sn''{q),dD'') > 3(5/4 whenever z € D''nB{C'' , R), q e dD''nB{C'' ,8R) 
and S < 2R. 

Note that R is independent of C*^ and k for k large. It is already known that there exist uniform positive 
constants Ci and C2 such that for every z in N^{dD) 

Cid{z,dD) < d{z,dD'') < C2d{z,dD) 

for all k large. Now, choose r G (0, i?/4C2) and fix two points a, 6 G Dn B{q°,r). Let A'',B'' G dD'' 
be the uniquely determined points closest to a and b respectively. Next, find C'' G dD'' such that 
a, be B{C'',R) for aU k large. Setting 

a'' =a~\a- b\n''{A'') and b'' = b ^ \a - b\n''{B''), 

note that 

|A*= - (7*=! < \A'' ~a\ + \a~C''\ <R/A + R< 2R. 

Similarly, B'' G B{C'',2R). It follows from (ii) that a'=,5'= G D'', d{a'',dD'') > (3/4)|a - b\ and 
d(6'=, dD'') > (3/4)|a - b\. The triangle inequality gives the following upper estimate: 

djjk{a,b) < djjk{a,a'') + djjk{a'',b'') + djjk{b'',b) 

By lemma 19. 8[ we conclude that there exists a uniform positive constant C such that 

<i„.(«,„')<(l/2)l„g(|^^)+C 

d{b'',dD'') 
d{b, dD'') 
Also, by construction we have 

d(a^ 9D'=) ^ d{a, dD'') + \a - b\, d{b'',dD'') = d{b, dD'') + \a-b\. 

It remains to estimate the term djjk{a'' ,b''). First, it follows from (i) that \a'' — b''\ < (5/4)|a — b\. Now, 
consider the analytic discs (/)'' : C ^ C"- defined by (j)''{X) = a'' + X{b'' - a''). If |A| < 3/5 (respectively 
|A — 1| < 3/5), we obtain 

|<^'=(A) -a'=| < (3/5)(5/4)|a-&| = (3/4)|a-6| < d(a^9D''^) 
(respectively \<j>'' (X) - b'' \ < (3/5)(5/4)|a - 6| = (3/4)|a-6| < d{b'',dD'')) 



duk{h,b'') < (l/2)log(^ ^]f''f^'^ \+C 
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i.e., iffi = A(0,3/5)UA(l,3/5), then each 0'^ is a holomorphic mapping of into . Since holomorphic 
maps decrease the Kobayashi metric, it follows that for all k 

do'^ia^b'^) < dn(0,l). 

This completes the proof of the proposition. □ 

Theorem 9.9. Let Di,D2 be two bounded strongly pseudoconvex domains in C" with C^-smooth bound- 
aries. Let D\,D2 for k > 1 be two sequences of domains that converge to Di,D2 respectively in the 
topology. Suppose that f^ : {D\,dj-,k) — > {D2,djjk) is a C^-smooth isometry for each k > 1 and that 

there is a point p^ E Di such that some subsequence {/'^^(p^)} converges to a point p^ E D2. Then 
the sequence {/''"} admits a subsequence that converges uniformly on compact sets of Di to a continuous 
mapping f : Di —> D2. Moreover, f : {Di,dD^) —> {D2,d£).^) is a C'^ -isometry. Further, assuming that 
each f^ E C^{D\), there is a uniform constant C > with the property that: 

|/^-^(p)-/^-^(g)|<qp-g|i/2 

for all p,q E Di . 

Our purpose is to prove that the family {/'^^} is 'uniformly Holderian' up to the boundary, i.e., every 
mapping extends as a Holder continuous one up to the boundary with the Holder constant independent 
of k. In particular, this implies the normality of this family on Di. 

Proof. The proof involves several steps. 

Step I: Let {Kjy}"^^^ be an increasing sequence of relatively compact subsets of Di that exhausts Di. 
Fix a pair K^^ compactly contained in K^^^i such that p^ E Ki and write Ki = K^^ and K2 — K^iy„+i 
for brevity. Let uj{Ki) be a neighbourhood of Ki such that u!{Ki) C K2. Since {D^} converges to Di, 
it follows that Ki C u!{Ki) C K2 which in turn is relatively compact in for all k large. We show that 
the sequence is equicontinuous at each point of llj{Ki). 

For each E w(ifi) fixed, there exists a r > such that B{x^,r) is compactly contained in u}{Ki). The 
distance decreasing property of the Kobayashi metric together with its explicit form on B{x^, r) gives 

(9.1) dok{f''{x')j''{y')) ^dak{x\y')<dBi,.^,^{x\y') < \x'~y'\/c 

for all k large, E B{x^,r) and a uniform constant c > 0. Since D2 is bounded, D2 are compactly 
contained in -8(0, R) for some R > and for all k large . Consequently, 

dBio,R) {f\x% f\y^)) < d^k {f^{x')j\y')) 

for all k large. Again using the explicit form of the metric on -6(0, R) gives 

\f\x^)~f\y')\<\x^~y^\ 

for y^ E B{x^,r). This shows that {/'^} is equicontinuous at each point if uj{Ki). The diagonal subse- 
quence still denoted by the same symbols then converges uniformly on compact subsets of Di to a limit 
mapping / : Di — > D2 which is continuous. 

Step II: The proof of lemma [5T2l shows that for i = 1,2, 

uniformly on compact sets of Di x C" as /c 00. 
Step III: Consequently, 

(9.2) dc.(.,.)^rfD,(-,-) 
as A: ^ 00. 

To show this, for p,q E Di, firstly note that 

(9.3) lim sup d^k [p, q) < do^ [p, q) 

k — *oo 

which follows exactly as in lemma l473l For the converse, pick R 3> doiip^q) and consider Bjjk(p,R). 
Note that q E B^k (p, R) and Bjjk [p, R) is compactly contained in Di for all k large. We claim that 
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Bjyk{p,R) C Di for all k large. Let w'^ e B]jk{p, R). Observe that the only case to be investigated is 
when w'' is very close to the boundary of D^. In that case, it follows from lemma [9771 that 

R > do, {p, q) + e> djyk {p, q) > -(1/2) log - C 

for some uniform positive constant C and e > given. As a result, 

(9.4) d{w'',dD^) > l/e2(c+^) > 

Let w'^ converge to some point w G Ne{dDi). In fact, since Df[ converge to Di in the C^-topology, 
w & Di. Further, it follows from (|9.4p that d{w, dDi) > and consequently that w*^ G Di for all k large. 
Since the points w'^ were arbitrarily chosen, this completes the proof of the claim. Now, it follows from 
the distance-decreasing property of the Kobayashi metric that 

doAP^q) < dB^^{pM)iP,q) 

Applying lemma [5^ to the domain with B]jk{p,R) as the subdomain D' yields 

d^k (p, q) 



Using (|9.3p . we have 



doi {p, q) < 



tanh \^R/2 — djjk {p, q) 

c^Df (p, q) 



tanh (_R/2 — {p, q) — e) 



Letting i? — > oo yields 

(9.5) dD^{p,q)<dJJk{p,q) + t. 

for all k large. Putting together (|9.3p and (|9.5p . we get 

lim djjk{p,q) doAP^q)- 

k — >oo ^ 

The same proof works for the domain D2 and is therefore omitted. 

Step IV: We now show that doi^x'^-.y^) ^ d]:,^(f{x'^),f{y^)) for aU x^,y^ e fti where Qi = {q^ G Di : 
/(q^) G 02}- Note that fii is non-empty since p^ G Di. Let x^,y^ G fii. It is known that 

d^.(x\z/) = d^.(/^-(^'),/'(2/'))- 

for all k and thus by (|9.2p . it remains to show that the right side above converges to d^ij (/(x^), /(j/'^)) 
as fc — > 00. For this note that 

\d^k {f\x^)j\y^)) - d^k {fix'), f{y')) I < d^k {fix'), fix')) + d^k {fiy'), f\y')) 

by the triangle inequality. Since f'^ix') fix') and the domains D2 converge to D2, it follows that 
there is a small ball B{fix'), r) around fix') which contains f'^ix') for all large k and which is contained 
in D2 for all large k, where r > is independent of k. Thus 

dok{fix'),fix'))<C\f\x')-fix')\ 

for some uniform constant C. The same argument works for showing that djjk{fiy'),f^iy')') is small. 
So to verify the claim, it is enough to prove that dj^k {fix'), fiy')) converges to djj^ {fix'), fiy')) ■ But 
this is immediate from (19. 2p . 

Step V: The limit map / is a surjection onto D2- Firstly, we need to show that /(-Di) C D2- Indeed, 
ill = Di. If q''* G dill n Di, choose a sequence q^ G ili that converges to 17°. It follows from Step IV that 

dDAq',p') = dD,{fiQ')Jip')) 

for all j. Since 9° G dili, the sequence {fiq-')} converges to a point on dD2 and as D2 is complete in the 
Kobayashi distance, the right hand side above becomes unbounded. However, the left hand side remains 
bounded again because of completeness of Di. This contradiction shows that ili = Di which exactly 
means that /(-Di) C D2- The above observation coupled with Step IV forces that 

dDA^\y')^dD,{fix'),fiy')) 
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for all x^, E Di. To establish the surjectivity of /, consider any point g'^ e and choose a 

sequence E f{Di) that converges to Let {p^} be sequence of points in Di be such that f{p^) = q' ■ 
Then for all j and for all E Di, 

(9.6) dDA^\p')^dD,{f{x')J{p^)) 

There are two cases to be considered. After passing to a subsequence, if needed, 

(i) pi^x° E dDi, 

(ii) p> ^ x'^ E Di as J — !■ cx). 

In case (i) , observe that the right hand side remains bounded because of the completeness of D2 ■ Moreover, 
since Di is complete in the Kobayashi metric, the left hand side in (|9.6p becomes unbounded. This 
contradiction shows that f{Di) = D2- 

For (ii), firstly, the continuity of the mapping / implies that the sequence {f{p^)} converges to the point 
/(x^). Therefore, we must have f{x^) = g". Consider the mappings {f^)~^ : D2 D^. Arguing as 
before, we infer that the sequence {{f'')~^} admits a subsequence that converges uniformly on compact 
sets of D2 to a continuous mapping g : D2 — > -Di- Then g o f = ido^- Therefore, 

x'^gof{x^)=g{q")= lun {fyHq"). 

k — *oo 

Hence the sequence {(/'')~^(?°)} is compactly contained in Di. Now, repeating the earlier argument for 
{{f^)~^}, it follows that g : D2 ^ Di and fog — idu^. In particular, / is surjective. 

This also shows that the limit mapping / is a C^-isometry. We note that so far we did not need the 
isometrics to be C^-smooth. Now, assume that each /'"' E C^{Di). 

The following assertion gives a 'uniform local hyperbolicity' of the family near dD2- 

Step VI: There exists an e > and a uniform positive constant C such that for any k > 1 and 
q^ E D^n N^{dD2) and v e C" we have 

7K 



F^,iq',v)>C- 



Fix a point q^ near dD2 and let v E C" \ {0}. Let R'^ be a sequence of positive real numbers and tp'^ a 
sequence of holomorphic mappings, 1/''' S ©(A;!?!) n C°(A;C") satisfying i/)''(0) = and (■(/''')'(O) = 
RkV. Choose C*^ E dD2 with \q'^ — — ^(q^, (?£)§) and let be a - smooth defining function for 
D2 which is strictly plurisubharmonic in a neighbourhood of Then, for 77 > sufficiently small, 

P2^(z)=p^(z)-7y|z-C'P 
is a strictly plurisubharmonic on a neighbourhood of closure of Therefore, 

P^('z')=/5^^'(0)<- / P2'(^'(e'*))-^|^'(e'')-Cl dt < |V'(e'*)-Cl dt. 
Applying the Cauchy integral formula it follows that 

|(^')'(0)|' 
As a consequence, 

\{i^''nO)\' <\q~C'\'-P2iq')/v- 
Now, since pi in the C^-topology, it follows that there exists a uniform constant M > such that 

\p'2{z)\<Mdiz,dD^) 

for all k large and for all z sufficiently close to dO!^. Then 

lii^'nO)]' <{l + M/r^)d{q',dD!^). 

The required result then follows from the definition of the infinitesimal metric. 



1 /•2- i^fc(e'*)-Cj ' 



2ttl 



-dt 
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Step VII: There exist uniform positive constants A and B such that 

A d{x,dD\) < d{f^{x),dD'^) < B d{x,dD\) 
for aU X sufficiently close to dDi. 

To see this, fix y e -Di sufficiently close to dDi and x^ G dDi. Let {a;-'} be a sequence of points in Di 
converging to x". Then for each j large there is an index feg such that x^ G D\ for k > Uq. For such a 
fixed large j, apply lemma [9771 and lemma [9751 to get uniform positive constants Ci, C2 such that 



(9.7) - {l/2)\ogd{x',dD\) ~C2< d^u{x\y) < -{l/2)logd{x\dDl) + Ci 

for all k > ko. Note that {/'^(y)} is compactly contained in D2 from Step V. From j35j it follows 
that each f'^ is continuous up to D'[ and f'^{dD'l) C c^ZJg- Since converges to D2, it follows that 
{x^} C N^{dDi) for all fc large. Again using lemma [9771 and lemma [978] yields 

(9.8) -{ll2)\ogd{f\x=),dDl)-C^ < do.{f\y),f\x=)) 

< -{l/2)log(d{f\x^), dD^,)d{f''{y), dD^,)) + C4 

for k > ko and C3, C4 > uniform in k. Since {y,x3) = dok{f^{y)J^{x^)), it follows from (UTTj) and 
dnilD that 

A d{x,dD'l) < d{f''{x),dDl) < B d(x,dDl) 
for some uniform A,B > {) and x sufficiently close to dDi. 

Step VIII: For e 9Di fixed, there exists a neighbourhood V of C,^ such that for all p, g G V C\ Di and 
for all k large 

i/'(p) -/'('?) I <cip-<zr/^ 

where C is a constant independent oi p,q E V D Di. 

Firstly, observe that given 77 > there exist r/,?/' > such that 

• f{{z e Di : d{z, dDi) < ry}) C {w £ D2 : d{w, 802) < r]'} 

• f-\{w e L>2 : d{w,dD2) < rj}) C {z e Di : d{z,dDi) < 77"} 

• lim 77' = and lim n" = 0. 

77—0 n-*o 

These are consequences of the completeness of the Kobayashi distance on strongly pseudoconvex domains. 
Now, from Step VI there exists a uniform positive constant C such that 

\df'^{x)v\ 



%^[f{x),df{x)v)>C- 



^d{p{x),dD^) 

for all k large and for all x sufficiently close to dDi. Using the fact that each f'^ is an isometry we get 



C^MM^<F^,{fix),df'^ix)v)=F^4x,v) 



< 



ld{f^{x),dD\) ' ' dix,dDl) 

for all tangent vectors 77 at x. This implies that 

\v\^d{p{x),dD^) 



\dfHx)v\ < C- 



d{x,dDl) 



By Step VII, we have 



(9.9) \df''{x)v\ <C 



^Jd{x,dDl) 

Next, observe that since dDi is C^-smooth, there exists a < i? ^ 1 such that 

z - (577(C) e Di and d{z - 5n{C), dDi) > 3(5/4 

for aU z e Did B{C°,R), ( e dDi n B(C°, 8i?) and 6 < 2R. Here, 77,(0 denotes the unit outward normal 
to dDi at C. 
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Now, fix two points p,q E Di O B{('^,R). Choose p",?" G dDi closest to p and q respectively. Set 
p' — p — \p — q\n{p'^) and q' = q — \p — q\n{q^). Let 7 be the union of three segments: the first one being 
the straight line path joining p and p' along the inward normal to p", the second one being a straight 
line path joining p' and q' and finally the third path is taken to be the straight line path joining q' and 
q^ along the inward normal to the point q^ . Integrating (|9.9p along this polygonal path, we get for all k 
large 

\f\p)- f\q)\<C\p-q\''^ 
uniformly for all p, g G -Di n B{C,^ , R). This completes Step VIII. 

Since Step VIII together with the C^-smoothness assumption on the isometrics immediately gives the 
result of theorem 19. 9[ we may conclude. □ 

As a corollary of theorem 19.91 we obtain: 

Corollary 9.10. Let Di and D2 be two bounded strongly pseudoconvex domains in C" with C'^ -smooth 
boundaries. Let : [Di^doi) ^ (^2,c?D2) be a sequence of -isometrics between Di and D2. Suppose 
that there exists a point p^ G Di such that some subsequence of {f'^{p^)} converges to a point of D2, 
then the sequence {f'^} admits a subsequence {/'^^} that converges uniformly on compact sets of Di to 
a continuous mapping f : Di — s- D2. Moreover, f : (_Di,c?£)j) {D2,dD2) is a C'^-isometry. Further, 
assuming that each £ C^[D\), there is a uniform constant C > with the property that: 

for all p,q E Di . 
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